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Chapter 1

Basic Principles and the Microcanonical
Ensemble

The first part of this coursewill consistof an introductionto the basicprinciplesof statistical
mechanics(or statisticalphysics)which is the set of theoreticaltechniquesusedto understand
microscopicsystemsand how microscopicbehavior is reflectedon the macroscopicscale. In
the later partsof the coursewe will seehow the tool set of statisticalmechanicsis key in its
applicationto molecularmodeling. Along the way in our developmentof basictheorywe will
uncover theprinciplesof thermodynamics.This maycomeasa surpriseto thosefamiliar with the
classicalengineeringparadigmin which the laws of thermodynamicsappearasif from thebrain
of Jove (or from the brain of somewise old professorof engineering).This is not the case. In
fact, thermodynamicsarisesnaturallyfrom basicprinciples.Sowith this foreshadowing in mind
webegin by examiningtheclassicallawsof motion1.

1.1 Classical Laws of Motion

RecallNewton’s famoussecondlaw of motion,oftenexpressedas
�������

, where
�

is the force
actingto acceleratea particleof mass

�
with theacceleration

�
. For a collectionof � particles

locatedatCartesianpositions�
	������������������ thelaw of motionbecomes������ ������� � (1.1.1)

where
��� � � ����������� � � aretheforcesactingon the � particles2.

We shall seethat in the absenceof externalfields or dissipationthe Newtonianequationof
motionpreservestotal energy:� � �"!$#%�'&( �) �+* 	 ���-, � �-, � !$#/. �0	��-����������������212� (1.1.2)

1Thiscoursewill beconcernedprimarily with classicalphysics.Muchof thematerialpresentedwill beapplicable
to quantummechanicalsystems,andoccasionallysuchreferenceswill bemade.

2A noteon notation: Throughoutthesenotesvectorsaredenotedby bold lower caseletters(e.g. 354 , 674 ). The
notation 834 denotesthetime derivativeof 354 , i.e., 8354:9<;�34>=5;�? , and @354:9<;�AB354C=D;�?EA .
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Chapter1 – BasicPrinciples 3

where
#

is somepotentialenergy functionand
���F�HGJIF#LKMI � � and

�
is thekineticenergy.

Anotherway to posethe classicallaw of motion is the Hamiltonianformulation,definedin
termsof the particle positions N�O ��P and momenta N5Q ��� ���SRO ��P . It is convenient to adopt the
notation(from quantummechanics)QUT momentaand VWT positions, andto considerthescalar
quantitiesQ � and V � , whichdenotetheentriesof thevectorsX and Y . For acollectionof � particlesX[Z]\_^ � and Y`Z]\_^ � arethecollectivepositionsandmomentavectorslisting all aS� entries.

ThesocalledHamiltonianfunctionis anexpressionof thetotal energy of asystem:b � ^ �) �c* 	 Q ��( ��� !d#/. V�	��-V��e���������V ^ �f1f� (1.1.3)

Hamilton’sequationsof motionarewrittenas:RV �g� I bI Q � (1.1.4)RQ �h� G I bI V � � (1.1.5)

Hamilton’sequationsareequivalentto Newton’s:RV �F� Q �EKM��� � RQ ���HGJIi#fKSI V �j�lke� � (1.1.6)

So why botherwith Hamilton when we are alreadyfamiliar with Newton? The reasonis that
the Hamiltonian formulation is often convenient. For example,starting from the Hamiltonian
formulation,it is straightforwardto proveenergy conservation:m bm
n � ^ �) �c* 	 o I bI V � RV �:! I bI Q � RQ �Cp�� ^ �) �+* 	�q o I bI V � p o I bI Q � pdG o I bI Q � p o I bI V � pLr � (1.1.7)

1.2 Ensembles and Thermodynamics

With our review of theequationsof classicalmechanicscomplete,we undertake our studyof sta-
tistical physicswith anintroductionto theconceptsof statisticalthermodynamics.In this section
thermodynamicswill be briefly introducedasa consequenceof the interactionof ensemblesof
largenumbersof particles.ThemateriallooselyfollowsChapter1 of Pathria’sStatisticalMechan-
ics [3], andadditionalinformationcanbefoundin thattext.

1.2.1 An Ensembles of Particles

Consideracollectionof � particlesconfinedto avolume s , with total internalenergy
�

. A system
of this sort is often referredto asan NVE system,as � , s , and

�
arethe threethermodynamic

variablesthatareheldfixed. [In generalthreevariablesarenecessaryto definethethermodynamic
stateof a system.Otherthermodynamicproperties,suchastemperaturefor example,cannotbe
assignedin anNVE ensemblewithoutchangingat leastoneof thevariables� , s , or

�
.] Wewill

referto thethermodynamicstateasthemacrostateof thesystem.



Chapter1 – BasicPrinciples 4

For agivenmacrostate,thereis likely to bea largenumberof possiblemicrostates, which cor-
respondto differentmicroscopicconfigurationsof the particlesin the system.Accordingto the
principlesof quantummechanicsthereis a finite fixed numberof microscopicstatesthat canbe
adoptedby our NVE system. We denotethis numberof statesas t . �<�Dsu� � 1 3. For a classical
system,the microstatesareof coursenot discreteand the numberof possiblestatesfor a fixed�vs � ensembleis in generalnot finite. To seethis imaginea systemof a singleparticle( � � & )
travelling in an otherwiseemptybox of volume s . Thereareno external force fields actingon
theparticleso its total energy is

� � 	� ��w � . The particlecouldbe found in any locationwithin
thebox, andits velocity couldbedirectedin any directionwithout changingthe thermodynamic
macrostatedefinedby thefixedvaluesof � , s , and

�
. Thustherearean infinite numberof al-

lowablestates.Let us temporarilyignorethis fact andmove on with the discussionbasedon a
finite (yetundeniablylarge) t . �x�Dsy� � 1 . Thisshouldnotbotherthoseof usfamiliarwith quantum
mechanics.For classicalapplicationswe shall seethatbookkeepingof thestatespacefor classi-
cal systemsis doneasan integrationof the continuousstatespaceratherthana discretesumas
employedin quantumstatisticalmechanics.

At this point don’t worry abouthow you might go aboutcomputing t . �<�Dsu� � 1 , or how t
mightdependon � , s , and

�
for particularsystems.We’ll addresstheseissueslater. For now just

appreciatethatthequantity t . �x�5su� � 1 existsfor anNVE system.

1.2.2 Microscopic Thermodynamics

Considertwo suchso calledNVE systems,denotedsystem1 andsystem2, having macrostates
definedby ( �z	 , sF	 , � 	 ) and( �{� , s|� , � � ), respectively.

NN11, VV11, EE11 NN22, VV22, EE22

Figure1.1: Two NVE systemsin thermalcontact.

Next, bring thetwo systemsinto thermalcontact(seeFig. 1.1). By thermalcontactwe mean
thatthesystemsareallowedto exchangeenergy, but nothingelse.Thatis

� 	 and
� � maychange,

but �z	 , �}� , sF	 , and s|� remainfixed.Of coursethetotal energy remainsfixedaswell, thatis,�_~ � � 	 ! � �J� (1.2.8)

if thetwo systemsinteractonly with oneanother.
Now we introducea fundamentalpostulateof statisticalmechanics:At any time, system1 is

equallylikely to bein any oneof its tJ	 microstatesandsystem2 is equallylikely to bein any one
of its tf� microstates(moreonthisassumptionlater).Giventhisassumption,thecompositesystem
is equallylikely to be in an oneof its t ~ . � 	5� � ��1 possiblemicrostates.The number t ~ . � 	�� � �51
canbeexpressedasthemultiplication:t ~ . � 	�� � �D1 � tJ	 . � 	-1�tf� . � ��1f� (1.2.9)

3Thenumber��������������� correspondsto thenumberof independentsolutionsto theSchr̈odingerequationthatthe
systemcanadoptfor a giveneigenvalue � of theHamiltonian.
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Next we look for the value of
� 	 (or equivalently,

� � ) for which the numberof microstatest ~ . � 	D� � ��1 achieves its maximumvalue. We will call this achievementequilibrium, or more
specificallythermalequilibrium.Theassumptionherebeingthatphysicalsystemsnaturallymove
from improbablemacrostatesto moreprobablemacrostates4. Dueto thelargenumberswith which
wedealonthemacro-level ( ��� &e� � ^ ), themostprobablemacrostateis ordersof magnitudemore
probablethanevencloselyrelatedmacrostates.Thatmeansthatfor equilibriumwemustmaximizet ~ . � 	D� � ��1 undertheconstraintthatthesum

��~ � � 	 ! � � remainsconstant.
At themaximum

I t ~ KMI � 	 � � , orI/� tJ	 . � 	�1�tf� . � ��1B�I � 	 � q I tJ	� 	 tf� ! tJ	 I � �I � 	�� I tf�I � � r|�|� * ����� �:� * ���� � � � (1.2.10)

where
. �{�	 � �{�� 1 denotethe maximumpoint. Since

I � � KSI � 	 � G & from Eq. (1.2.8), Equa-
tion (1.2.10)reducesto: &tJ	�� I tJ	I � 	 . � �	 1 � &tf�}� I tf�I � � . � �� 1f� (1.2.11)

which is equivalentto II � 	��7�
� tJ	 . � �	 1 � II � �����
� tf� . � �� 1f� (1.2.12)

To generalize,for any numberof systemsin equilibriumthermalcontact,II � �7�
� t �� ]� constant (1.2.13)

for eachsystem.
Let uspauseandthink for a moment:Fromour experience,whatdo we know aboutsystems

in equilibriumthermalcontact?Onething thatweknow is thatthey shouldhave thesametemper-
ature.Most peoplehave anintuitiveunderstandingof what temperatureis. At leastwe canoften
gaugewhetheror not two objectsareof equalor differenttemperatures.You might evenknow of
a few waysto measuretemperature.But doyouhaveaprecisephysicaldefinitionof temperature?

It turnsout thattheconstant
 

is relatedto thetemperature¡ via ]� & K
¢ ¡ � (1.2.14)

where
¢

is Boltzmann’sconstant.Thereforetemperatureof theNVE ensembleis expressedas¡ � &¢ I �I �7�
� t . �<�Dsy� � 1 � (1.2.15)

Until now somereadersmayhave hada murky andvaguementalpictureof what the thermody-
namicvariabletemperaturerepresents.And now weall haveamurky andvaguementalpictureof
whattemperaturerepresents.Hopefully thepicturewill becomemoreclearasweproceed.

Next considerthatsystems1 and2 arenot only in thermalcontact,but alsotheir volumesare
allowed to changein sucha way that the total volume s ~ � si	 ! s£� remainsconstant.For this

4Again, the termmacrostaterefersto thethermodynamicstateof thecompositesystem,definedby thevariables�2¤ , �S¤ , �¥¤ , and � A , � A , � A . A moreprobablemacrostatewill beonethatcorrespondsto morepossiblemicrostates
thana lessprobablemacrostate.
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exampleimaginea flexible wall separatesthe two chambers– the wall flexesto allow pressure
to equilibratebetweenthe chambers,but the particlesarenot allowed to pass.Thus �z	 and �{�
remainfixed.For sucha systemwefind thatmaximizing t ~ . sF	��Ds|�D1 yieldsI¦� tJ	 . sF	�1�tf� . s|�D1B�I sF	 � q I tJ	sF	 tf� ! tJ	 I s£�I si	�� I tf�I s|� r|§ � * § �� � § � * § �� � � � (1.2.16)

or &tJ	 � I tJ	I sF	 . s �	 1 � &tf� � I tf�I s|� . s �� 12� (1.2.17)

or II si	��7�
� tJ	 . s �	 1 � II s|�����
� tf� . s �� 1f� (1.2.18)

or II s ���
� t �%¨©� constant� (1.2.19)

We shall seethat the parameter̈ is relatedto pressure,asyou might expect. But first we
haveonemorecaseto consider, thatis massequilibration.For this case,imaginethatthepartition
betweenthechambersis perforatedandparticlesarepermittedto freely travel from onesystemto
thenext. Theequilibriumstatementfor this systemisII � �7�S� t � ª«� constant� (1.2.20)

To summarize,wehave thefollowing:

1. Thermal (Temperature) Equilibrium: ¬¬ � �7�
� t �  .
2. Volume (Pressure) Equilibrium: ¬¬ § ���
� t ��¨ .
3. Number (Concentration) Equilibrium: ¬¬ � �7�S� t � ª .

How dotheserelationshipsapplyto themacroscopicworld with whichwearefamiliar?Recall
thefundamentalexpressionfrom thermodynamics:m � � ¡ m¯® G±° m s !³² m � (1.2.21)

which tells us how to relatechangesin energy
�

to changesin the variablesentropy
®

, volumes , andnumberof particles � , occurringat temperature¡ , pressure
°

, andchemicalpotential²
. Equation(1.2.21)aroseas an empericismwhich relatesthe three intrinsic thermodynamic

properties¡ ,
°

, and
²

to thethreeextrinsicproperties� , s , and
�

. In developingthisrelationship,
it wasnecessaryto introduceanovel idea,entropy, whichwewill try to makesomesenseof below.

For constants and � Equation(1.2.21)givesuso I ®I � p � � §v� &¡ � (1.2.22)



Chapter1 – BasicPrinciples 7

Goingbackto Equation(1.2.13)weseethat® � ¢ �7�S� t%� (1.2.23)

which makessenseif we think of entropy asa measureof the total disorderin a system. The
greaterthenumberof possiblestates,thegreatertheentropy. For pressureandchemicalpotential
wefind thefollowing relationships:

For constant
�

and � wearriveato I ®I s pJ� � � � ° ¡ or
II s ���
� t ��¨ � and

¨¦� °¢ ¡ � (1.2.24)

For constant
�

and s weobtaino I ®I � p � � § �´G ²¡ or
II � ���
� t ��ª � and

ª/�´G ²¢ ¡ � (1.2.25)

For completenesswerepeat:o I ®I � p � � §]� &¡ or
II � �7�S� t �%  � and

 v� &¢ ¡ � (1.2.26)

ThroughEqs.(1.2.24)-(1.2.26)theinternalthermodynamicparametersfamiliarto oureveryday
experience– temperature,pressure,andchemicalpotential– arerelatedto themicroscopicworld
of � , s , and

�
. The key to this translationis the formula

® �µ¢ �7�S� t . As Pathriaputsit, this
formula“providesabridgebetweenthemicroscopicandthemacroscopic”[3].

After introducingsuchpowerful theoryit is compulsorythatwework outsomeexampleprob-
lemsin the following sections.But I recommendthat readerstackling this subjectmatterfor the
first time shouldpauseto appreciatewhat they have learnedsofar. By assertingthatentropy (the
mostmysteriouspropertyto arisein thermodynamics)is simplyproportionalto thelog of thenum-
berof accessiblemicrostates,we have deriveddirectrelationshipsbetweenthemicroscopicto the
macroscopicworlds.

Beforemoving on to the applicationproblemsI shouldpoint out onemore thing aboutthe
number t – that is its name. The quantity t is commonly referredto as the microcanonical
partition function, apartitionfunctionbeingastatisticallyweightedsumoverthepossiblestatesof
asystem.Sincet is anon-biasedenumerationof themicrostates,wereferto it asmicrocanonical.
Similarly, anothernamefor theNVE ensembleis themicrocanonicalensemble.Laterwewill meet
thecanonical(NVT) andgrandcanonical(

²
VT) ensembles.

1.2.3 Formalism for Classical Systems

Themicrocanonicalpartitionfunctionfor aclassicalsystemis proportionalto thevolumeof phase
spaceaccessibleby thesystem.For a systemof � particlesthephasespaceis a 6� -dimensional
spaceencompassingthe a
� variables V � and the a
� variablesQ � , and the partition function is
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proportionalto theintegral:t . �x�5su� � 1u�·¶�¸ . b . QF	5��Q|�e����������Q ^ �_¹V�	��V������������-V ^ �f1 G � 1 m QF	 m Q|�j����� m Q ^ � m V�	 m V��j����� m V ^ �
(1.2.27)

or usingvectorshorthandt . �<�Dsy� � 1u� ¶ ¸ . b . Xº�5Y»1 G � 1 m ^ � X m ^ � Y (1.2.28)

wherethenotation
m ^ � remindsusthattheintegrationis over a
� -dimensionalspace.

In Eqs.(1.2.27)-(1.2.28)thedeltafunction restrictsthe integrationto the theconstantenergy
hypersurfacedefinedby

b . X��5Yi1 � � � constant. [In generalwe won’t be integrating this
difficult-lookingdeltafunctiondirectly. Justthink of it asamathematicalshorthandfor restricting
thephasespaceto aconstant-energy subspace.]

WenoticethatEquation(1.2.28)lacksaconstantof proportionalitythatallowsusto replacethe
proportionalitysymbolwith the equalitysymbolandcomputet . �x�5su� � 1 . This constantcomes
from relatinga given volumeof the classicalphasespaceto a discretenumberof quantummi-
crostates.It turnsoutthatthisconstantof proportionalityis & K �`¼¾½ ^ � , where½ is Planck’sconstant.
Thus t . �x�Dsy� � 1 � &�¿¼À½ ^ � ¶£Á m ^ � X m ^ � YÂ� (1.2.29)

wheretheintegration Ã Á is over thesubspacedefinedby
b . Xº�5Y»1 � � .

Fromwheredoestheconstant�¿¼À½Ä^ � come?Weknow from quantummechanicsthatto specify
thepositionof a particle,we have to allow its momentumto losecoherence.Similarly, whenwe
specifythemomentumwith increasingcertainty, thepositionlosescoherence.If we considerÅzV
and Å�Q to bethefundamentaluncertaintiesin positionanmomenta,thenPlanck’sconstanttellsus
how theseuncertaintiesdependupononeanother:½�ÆlÅ�Q£Å¦V¦� (1.2.30)

Thustheminimal discretevolumeelementof phasespaceis approximately½ for a singleparticle
in one dimension,or ½ ^ � when thereare a
� degreesof freedom. This explains (heuristically
at least)thefactorof ½ ^ � . Fromwheredoesthe �`¼ come?We shallseewhenwe enumeratethe
quantumstatesof theidealgas,theindistinguishabilityof theparticlesfurtherreducesthepartition
functionby a factorof �¿¼ , which fixes t asthenumberof distinguishablemicrostates.

1.3 Example Problem: Classical Ideal Gas

A systemof noninteractingmonatomicparticlesis referredto asthe idealgas.For sucha system
thekineticenergy is theonly contribution to theHamiltonian

b � ) Q �� K ( � , andt . �x�5su� � 1 � &�¿¼À½ ^ � ¶ § m ^ � Y{¶ Á m ^ � X (1.3.31)



Chapter1 – BasicPrinciples 9

whereÃ § representsintegrationoverthevolumeof thecontainer. [The integralcanbesplit into Ã §
and Ã Á componentsbecause

b . X�1 doesnotdependonparticlepositionsin any way.] Thereforet . �x�Dsy� � 1 � &�¿¼À½ ^ � s � ¶ÄÁ m ^ � X[� (1.3.32)

It turnsout thatknowing tÇ�·s � is enoughto derive theidealgaslaw:°¢ ¡ � I ���
� tI s � � s (1.3.33)

or ° s ��¢ �<¡ ��ÈiÉ ¡·� (1.3.34)

where
ÉÊ�´¢ �}Ë is thegasconstant,

È
is thenumberof particlesin moles,and �}Ë is Avogadro’s

number. For other properties(like energy and entropy) we needto do somethingwith the Ã Á
integral in Equation(1.3.32).

We approachthis integral by first noticing that the constantenergy surface
^ �) �+* 	 Q �� � ( � �

definesa sphereof radius
ÉÊ�µ. ( � � 1 	�ÌÍ� in a
� -dimensionalspace.We canfind thevolumeand

surfaceareaof sucha spherefrom a handbookof mathematicalfunctions.In \ ^ � thevolumeand
surfaceareaof aspherearegivenby:s ^ � .�É 1 � Î ^ ��ÌÍ�. a
� K ( 1D¼ É ^ � and

® ^ � .ÏÉ 1 � ( Î ^ ��ÌÍ�. aS� K ( G & 1�¼ É ^ �uÐ|	 � (1.3.35)

[One may wonderwhat to do in the casewhere a
� K ( is non-integral. Specifically, how would
onedefinethe

. a
� K ( 1�¼ and
. a
� K ( G & 1D¼ factorials?We couldusegammafunctions Ñ . a
� K ( ! & 1

and Ñ . aS� K ( 1 , where Ñ .Ï² 1 is ageneralizationof thefactorialfunction: Ñ .E² 1 � ¶ÇÒ~ Ó ÐÕÔ�Ö|×�Ð|	 m Ö . It

turnsout that Ñ .E² 1 �Ø.E²�G & 1D¼ for
²ÂÙ � . Soin theaboveequationsfor surfaceareaandvolumewe

areusingthegeneralizedfactorialfunction
² ¼ � ¶ Ò~ Ó ÐÕÔ�Ö|× m Ö , which is thesameastheregular

factorialfunctionfor non-negative integerarguments.]
Returningto thetaskathand:wewishto evaluatetheintegral Ã Á m ^ � X overtheconstantenergy

surfacein \_^ � definedby
^ �) �+* 	 Q �� � ( � � . Oneway to do this is to take¶ÄÁ m ^ � X � ® ^ � .-. ( � � 1 	�ÌÍ� 1 (1.3.36)

whichgivesus t . �x�Dsy� � 1 � a
��¿¼ . a
� K ( 1�¼ q s½ ^ . ( Î � � 1 ^ ÌÍ� r � . ( � � 1 	�ÌÍ� � (1.3.37)

Takingthe ���
� of this function,wewill employ Stirling’sapproximation,that ���
� �¿¼¯Æl� ���
� � G� , for large � . Thus�7�S� t . �x�Dsy� � 1 � � �7�
� q s½ ^ . ( Î � � 1 ^ ÌÍ� r !<Ú �( G � ���
�vÛ � o aS�( p ^ ÌÍ�-Ü ! ���
� . a
�v1 G &( �7�
� . ( � � 1L�
(1.3.38)
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In the limit of large � , we know that thefirst threetermsgrow fasterthanthe last two. Socom-
bining the � �7�
� . � 1 termsandkeepingonly termsof order � and � ���
� . �Ý1 resultsin

�7�
� t . �x�Dsy� � 1uÆl� ���
�]Û s½ ^ � oyÞ Î � �a
� p ^ ÌÍ� Ü ! Ú �( � (1.3.39)

or theentropy ® . �x�5su� � 1yÆ ¢ � �7�
�vÛ s½ ^ � o Þ Î � �a
� p ^ ÌÍ�-Ü !ÊÚ ¢ �( � (1.3.40)

Usingour thermodynamicdefinitionof temperature,o I ®I � p � � §Ý� a( ¢ � &� � &¡ � or (1.3.41)� � a ( � ¢ ¡ and ¡ � (a ¢ o �� p � (1.3.42)

As youcansee,theinternalenergy is proportionalto thetemperatureand,asexpected,thenumber
of particles.Inserting

� � a
� ¢ ¡ K ( into Equation(1.3.40),weget:® . �<�Dsy�-¡�1 � � ¢ ���
� o s� p ! a ( � ¢ q Úa ! �7�
� o ( Î �<¢ ¡½ � p�r
(1.3.43)

which is theSackur-Tetrodeequationfor entropy.
We shouldnote that if, insteadof taking the integral Ã Á m ^ � X to be the surfaceareaof the

constant-energy sphere,we hadallowed the energy to vary within somesmall range,we would
have arrivedat thesameresults. In fact we shall seethat, for thequantummechanicalidealgas,
thatis preciselywhatwewill have to do.

1.4 Example Problem: Quantum Ideal Gas

As we saw for theclassicalidealgas,analysisof thequantummechanicalidealgaswill hingeon
the enumerationof thepartition function,andnot on the analysisof the underlyingequationsof
motion. Nevertheless,it is necessaryto introducesomequantummechanicalideasto understand
theidealgasfrom theperspectiveof quantummechanics.It will beworthwhileto go throughthis
exerciseto appreciatehow statisticalmechanicsnaturallyappliesto thediscretestatesobservedin
quantumsystems.

First we mustfind thequantummechanicalstate,or wave function ß . Ö �-à��5á
1 , of a singlepar-
ticle living in anotherwiseemptybox. Theequationdescribingtheshapeof theconstant-energy
wave functionfor asingleparticlein thepresenceof nopotentialfield isG ½ �â Î � �³ã � ß . Ö �à��5á01 �´G ½ �â Î � � q I �I Ö � ! I �I à � ! I �I á � r � � 	�ß . Ö �à��á012� (1.4.44)

WesolveEquation(1.4.44), aformof Schr̈odinger’sequation,with theconditionthat ß . Ö �à��5á01yä� on thewalls of thecontainer. Theconstantenergy
� 	 (thesubscript“1” remindsusthat this is



Chapter1 – BasicPrinciples 11

theenergy of a singleparticle)is aneigenvalueof theHamiltonianoperatoron the left handside
of Equation(1.4.44).Undertheseconditionsthesingle-particlewave functionhastheform:ß . Ö �à��5á01 � o (å p ^ ÌÍ��æ�ç7è�é È Ô Î Öå ê æ-ç�è�é È�ë Î àå ê æ�ç7è�é È�ì Î áå ê (1.4.45)

wherethe
È Ô , È�ë , and

ÈFì
canbeany of thepositive integers(1, 2, 3, . . . ). Herethebox is assumed

to bea cubewith sidesof length
å

. Theenergy
� 	 is relatedto thesenumbersvia� 	 � ½ �â � å �«í È �Ô !±È �ë !±È �ìDî � (1.4.46)

If energy
� 	 is fixed thenthe numberof possiblequantumstatesis equalto the numberof setsN È Ô
� È�ë � È�ì�P for which í È �Ô !ïÈ �ë !³È �ìDî � â � s �BÌ ^½ � � 	 (1.4.47)

where s �BÌ ^ � å � . For a systemof � noninteractingparticles,we have � suchsetsof three
integers,andtheenergy is thesumof theenergiesfrom eachparticle:^ �) �+* 	 È �� � â � s �BÌ ^½ � � � � �

(1.4.48)

where
�

now representsthe total energy of the system,and
� �

is a nondimensionalizationof
energy.

The similaritiesbetweenthe classicalideal gasandEquation(1.4.48)arestriking. As in the
classicalsystem,the constantenergy conditionlimits the quantumphasespaceto the surfaceof
a spherein a
� dimensionalspace.The importantdifferenceis that for the quantummechanical
systemthephasespaceis discretebecausethe N È���P areintegers.This discretenatureof thephase
spacemeansthat t . �x�5su� � 1 canbemoredifficult to pin down thanit wasfor theclassicalcase.
To seethis imaginetheregularly spacedlattice in a
� dimensionalspacewhich is definedby the
setof positiveintegersN È���P . Thenumbert . �x�Dsy� � 1 is equalto thenumberof latticepointswhich
fall on thesurfaceof thespheredefinedby Equation(1.4.48)–thisnumberis anirregularfunction
of
. �x�5su� � 1 . As an illustration,returnto thesingleparticlecase.Thereis onepossiblequantum

statefor
� 	 � a
½ �â � s �BÌ ^ andthreepossiblestatesfor

� 	 � a0½ �Þ � s �BÌ ^ . Yet thereareno possible

statesfor energiesfalling betweenthesetwo energies.Thusthedistinctmicrostatescanbedifficult
to enumerate.We shall seethatas

�
and � becomelarge, thediscretespectrumbecomesmore

regularandsmoothandeasierto handle.
Considerthenumberð . �x�5su� � 1 whichwedefineto bethenumberof microstateswith energy

lessthanor equalto
�

. In thelimit of large
�

andlarge � , ð . �<�Dsy� � 1 is equalto thevolumeof
the“positivecompartment”of a a
� dimensionalsphere.RecallingEquation(1.3.35)givesð . � � 1 � o &( p ^ � q Î ^ ��ÌÍ�. a
� K ( 1�¼ � � ^ ��ÌÍ� r � (1.4.49)

[The factor
. & K ( 1B^ � comesfrom limiting ð . �«� 1 to thevolumespannedby thepositive valuesofN È���P .] Pluggingin

�«� � â � s �BÌ ^ � K ½ � resultsinð . �x�Dsy� � 1 � o s½ ^ p � . ( Î � � 1�^ ��ÌÍ�. aS� K ( 1�¼ � (1.4.50)
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Next wecalculatet . �x�5su� � 1 from ð . �x�5su� � 1 by assumingthattheenergy variesoversomesmall
range

�´ñ Å , where Åóò � . The enumerationof microstateswithin this energy rangecanbe
calculatedas t . �x�5su� � ¹5Å©1uÆlÅ I ð . �x�Dsy� � 1I � � (1.4.51)

which is valid for small Å (relative to
�

). FromEquation(1.4.50),we haveI ðI � � o a
�( p ð�ô� (1.4.52)

andthus t . �x�Dsy� � ¹5Å©1 � o a
�( p ð� Å (1.4.53)

and���
� t . �x�5su� � ¹5Å©1 � � �7�
�vÛ s½ ^ o Þ Î � �a
� p ^ ÌÍ�-Ü ! a
�( ! �7�
� o aS�( p ! ���
� o Å � p � (1.4.54)

As for theclassicalidealgas,wetaketermsof order � ���
� � andorder � whichgrow muchfaster
than �7�
� � andtheconstantterms.Thus

�7�
� t . �x�Dsy� � 1 � � ���
�vÛ s½ ^ o Þ Î � �a
� p ^ ÌÍ�-Ü ! a
�( � (1.4.55)

FromEquation(1.4.55)we couldderive thethermodynamicsof thesystem,just aswe did for the
classicalidealgas.Howeverwenoticethattheentropy, which is givenby® . �x�5su� � 1 �l¢ � ���
�]Û s½ ^ o Þ Î � �a
� p ^ ÌÍ�-Ü ! a ¢ �( � (1.4.56)

is notequivalentto theSackur-Tetrodeexpression,Equation(1.3.43).[Thedifferenceis afactorof& K �`¼ in thepartitionfunction,which is preciselythefactorthatweaddedto theclassicalpartition
function,Equation(1.2.29),with nosolid justification.]

In fact, onemight noticethat the entropy, accordingto Equation(1.4.56)is not an extensive
measure!If we increasethe volume,energy, andnumberof particlesby somefixed proportion,
thentheentropy will not increaseby thesameproportion.Whathave we donewrong? How can
werecover themissingfactorof & K �¿¼ ?

To justify this extra factor, we needto considerthat the particlesmaking up the ideal gas
systemarenot only identical,they arealsoindistinguishable.We label the possiblestatesthat a
givenparticlecanbe in asstate1, state2, etc.,anddenotethe numberthat exist in eachstateat
a given instantas õ�	 , õL� , etc. Thusthereare õ�	 particlesin state1, and õL� particlesin state2,
andsoon. Sincetheparticlesareindistinguishable,we canrearrangetheparticlesof thesystem
(by switchingthestatesof theindividualparticles)in any wayaslongasthenumbersN�õ �ÏP remain
unchanged,andthemicrostateof thesystemis unchanged.Thenumberof waystheparticlescan
berearrangedis givenby �¿¼õ�	D¼öõL��¼��÷�÷� �
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Introducinganotherassumption,thatif thetemperatureis highenoughthatthenumberof possible
microstatesof a singleparticle is so fantasticallylarge that eachpossiblesingleparticlestateis
representedby, at most,oneparticle,then õ � ¼ � & (becauseeach õ � is either1 or 0). Thuswe
needto correctthepartitionfunctionby a factor & K �`¼ , andasaresultEquation(1.4.55)reducesto
Equation(1.3.39).
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Problems

1. (Warm-upProblem)Invert Equation(1.3.40)to producean equationfor
� . ® �Dsu��v1 . Us-

ing this equationandour basicthermodynamicdefinitions,derive thepressure-volumelaw
(equationof state).How doesthis comparewith Equation(1.3.34)?

2. (Particle in a box) Verify thatEquation(1.4.45)is a solutionto Equation(1.4.44).Evaluate
theintegral Ã § ß � m Ö m à m á , for theone-particlesystem.Whatarethe6 lowestpossibleener-
giesof this system?For eachof the 6 lowestenergiescountthenumberof corresponding
quantumstates.Are theenergy levelsequallyspaced?Doesthenumberof quantumstates
increasemonotonicallywith E?

3. (Gasof finite sizeparticles)Consideragasof particlesthatdonot interactin any wayexcept
that,eachparticleoccupiesafinite volume

w�ø
whichcannotbeoverlappedby otherparticles.

Whatconsequencesdoesthis imply for the idealgaslaw? [Hint: returnto the relationshipt . s/1{�ùÃ m ^ � Y . You might try assumingthat eachparticleis a solid sphere.]Plot
°

vs.s for both the idealgaslaw andthe
°

- s relationshipfor thefinite-volumeparticles.(Use¡ � a �
� K and
ÈU� & mole.) Discussthefollowing questions:Wheredo thecurvesdiffer?

Wherearethey thesame?Why?

4. (Phasespaceof simpleharmonicoscillator)Considera systemmadeup of a singleparticle
of mass

�
attachedto a linear spring, with spring constantú . One end of the spring is

attachedto the particle,the other is fixed in space,andthe particle is free to move in one
dimension,V . What is the Hamiltonian

b . Qi�V
1 for this system?Plot the phasespaceforb . Q»�VS1 � � . Find anexpressionfor theentropy
® . � 1 of this system.You canassumethat

energy variesover somesmall range:
�ûñ Å , Åüò � . Using & K ¡ ��I ® KSI � , derive an

expressionfor the “temperature”of this system.We saw that the ideal gashasan internal
temperatureof a ¢ ¡ K ( perparticle.How doestheenergy asa functionof temperaturefor the
simpleharmonicoscillatorcompareto thatfor theidealgas?Doesit makesenseto calculate
the“temperature”of aone-particlesystem?Why or why not?



Chapter 2

Canonical Ensemble and Equipartition

In Chapter1 we studiedthestatisticalpropertiesof a largenumberof particlesinteractingwithin
themicrocanonicalensemble– a closedsystemwith fixednumberof particles,volume,andinter-
nalenergy. While themicrocanonicalensembletheoryis soundanduseful,thecanonicalensemble
(which fixesthenumberof particles,volume,andtemperaturewhile allowing theenergy to vary)
provesmoreconvenientthanthemicrocanonicalfor numerousapplications.For example,consider
a solutionof macromoleculesstoredin a testtube.We maywish to understandtheconformations
adoptedby theindividual molecules.However eachmoleculeexchangesenergy with its environ-
ment, asundoubtedlydoesthe entiresystemof the solutionand its container. If we focusour
attentionon a smallersubsystem(say one molecule)we adopta canonicaltreatmentin which
variationsin energy andotherpropertiesaregovernedby the statisticsof an ensembleat a fixed
thermodynamictemperature.

2.1 The Canonical Distribution

2.1.1 A Derivation

Our studyof thecanonicalensemblebeginsby treatinga largeheatreservoir thermallycoupledto
a smallersystemusingthemicrocanonicalapproach.Theenergy of theheatreservoir denoted

�Lý
andtheenergy of thesmallersubsystem,

�
. Thesystemis assumedclosedandthetotal energy is

fixed:
� ! �Lý � � ø��

constant.
Thissystemis illustratedin Fig. (2.1).For agivenenergy

�
of thesubsystem,thereservoir can

obtain t ý . � ø2G � 1 microstates,where t ý is themicrocanonicalpartition function. Accordingto
ourstandardassumptionthattheprobabilityof astateis proportionalto thenumberof microstates
available: ° �lt ý . �Lý 1 � t . � øºG � 1f� (2.1.1)

We take the �7�
� of themicrocanonicalpartitionfunctionandexpandabout�7�
� t ý . � ø 1 :���
� ° � �7�
� t ý . � ø 1 G I ���
� t ýI �Lý þþþþ �¯ÿ * ���¥. � 1 ! O
. � � 12� (2.1.2)

15
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EErr

  EE

Figure2.1: A systemwith energy
�

thermallycoupledto a largeheatreservoir with energy
�Lý

.

For largereservoirs (
� ò � ø ) thehigherordertermsin Equation(2.1.2)vanishandwehave�7�
� ° � ���
� t ý � constant

G �¢ ¡ � (2.1.3)

wherewehaveusedthemicrocanonicaldefinitionof thermodynamictemperature¡ . Thus° � Ó Ð � � (2.1.4)

where
 �� & K
¢ ¡ hasbeendefinedpreviously. Equation2.1.4)is the centralresult in canonical

ensembletheory. It tellsushow theprobabilityof agivenenergy of asystemdependsonits energy.

2.1.2 Another Derivation

A secondapproachto the canonicaldistribution found in Feynman’s lecturenoteson statistical
mechanics[1] is also basedon the central idea from microcanonicalensembletheory that the
probabilityof amicrostateis proportionalto t . Thus°�. � 	�1°�. � �D1 � t . � øºG � 	-1t . � øºG � ��1 (2.1.5)

whereagain
� ø

is thetotal energy of systemanda heatreservoir to which thesystemis coupled.
Theenergies

� 	 and
� � arepossibleenergiesof thesystemand t is themicrocanonicalpartition

functionfor thereservoir. (ThesubscriptO hasbeendropped.)
Next Feynmanmakesusof the fact thatenergy is definedonly up to anadditive constant.In

otherwords,thereis no absoluteenergy value,andwe canalwaysadda constant,say � , so long
as we add the same � to all relevant valuesof energy. Without changingits physicalmeaning
Equation(2.1.5)canbemodified: ° . � 	�1° . � �D1 � t . � øuG � 	 ! �1t . � øuG � � ! �1 � (2.1.6)

Next wedefinethefunction � . Ö 1 � t . � ø¥G � � ! Ö 1 . Equatingtheright handsidesof Eqs.(2.1.5)
and(2.1.6)resultsint . � øuG � 	-1�t . � øuG � � ! �51 � t . � øuG � ��1�t . � øuG � 	 ! �1 (2.1.7)

or � . � � G � 	-1�� . �51 � � . � 1�� . � ! � � G � 	-12� (2.1.8)
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Equation(2.1.8)is uniquelysolvedby: � . �51 � � . � 1 Ó Ð ��� � (2.1.9)

where
 

is someconstant.Thereforetheprobabilityof agivenenergy
�

is proportionalto Ó Ð � Ì
	�� ,
which is theresultfrom Section2.1.1.To take theanalysisonestepfurtherwe cannormalizethe
probability: °�. � 1 � Ó Ð � � � (2.1.10)

where û� ) � Ó Ð � � � (2.1.11)

is the canonicalpartition function andEquation(2.1.10)definesthe canonicaldistribution func-
tion. [Feynmandoesn’t go on to say why

 "� & K
¢ ¡ ; we will seewhy later.] Summationin
Equation(2.1.11)is over all possiblemicrostates.Equation(2.1.11)is equation#1 on the first
pageof Feynman’s noteson statisticalmechanics[1]. FeynmancallsEquation(2.1.10)the“sum-
mit of statisticalmechanics,andthe entiresubjectis eitherthe slide-down from this summit...or
theclimb-up.” Theclimb tookusa little bit longerthanit takesFeynman,but we got herejust the
same.

2.1.3 One More Derivation

Sincethecanonicaldistributionfunctionis thesummit,it maybeinstructiveto scalethepeakonce
morefrom a differentroute.In particularwe seeka derivationthatstandson its own anddoesnot
rely on themicrocanonicaltheoryintroducedearlier.

Considera collectionof � identicalsystemswhich arethermallycoupledandthusshareen-
ergy at a constanttemperature.If we label the possiblestatesof the system� � & � ( ������� and
denotetheenergy theseobtainablemicrostatesas

� �
, thenthe total numberis systemis equalto

thesummation, ) � È��F� � � (2.1.12)

wherethe
È��

arethenumberof systemswhich correspondto microstate� . Thetotal energy of the
ensemblecanbecomputedas ) � È�� � �F� � # (2.1.13)

where
#

is theaverageinternalenergy of thesystemsin theensemble.
Eqs.(2.1.12)and(2.1.13) N È��ÍP representconstraintsonthewaysmicrostatescanbedistributed

amongstthemembersof theensemble.Analogousto our studyof microcanonicalstatistics,here
we assumethat the probability of obtaininga given set N È���P of numbersof systemsin eachmi-
crostateis proportionalto thenumberof waysthis setcanbeobtained.Imaginethenumbers

È��
to

representbinscountthenumberof systemsat a givenstate.Sincethesystemsareidentical,they
canbe shuffled aboutthe bins aslong asthe numbers

È��
remainfixed. The numberof possible

waysto shuffle thestatesaboutthebinsis givenby:� . N È���P 1 � �H¼È 	D¼ È �e¼������ � (2.1.14)
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Oneway to arrive at the canonicaldistribution is via maximizing the number
�

underthe
constraintsimposedby Eqs.(2.1.12)and(2.1.13).At themaximumvalue,ã � � �¸ � � � (2.1.15)

wherethegradientoperatoris ã � ¬¬�� � ! ¬¬�� � ! ����� , and
�¸ is avectorwhichrepresentsadirection

allowedby theconstraints.
[The occasionalmathematicianwill point out the hazardsof taking the derivative of a dis-

continuousfunction with respectto a discontinuousvariable. Easy-goingtypeswill be satisfied
with theexplanationthatfor astronomicallylargenumbersof possiblestates,thefunction

�
and

the variables N È���P areeffectively continuous.Sticklersfor mathematicalrigor will have to find
satisfactionelsewhere.]

We canmaximizethe number
�

by usingthe methodof Lagrangemultipliers. Again, it is
convenientto work with the �7�S� of thenumber

�
, which allows usto applyStirling’sapproxima-

tion. �7�S� � � � �7�
� . �H¼À1 G ) � È�� �7�S� .ÏÈ�� ¼À1L� (2.1.16)

Thisequationis maximizedby settingã ���
� � G�� ã ) � È���G   ã ) � È�� � �F� � � (2.1.17)

where
�

and
 

aretheunknown Lagrangemultipliers. Thesecondtwo termsin this equationsare
thegradientsof theconstraintfunctions.EvaluatingEquation(2.1.17)resultsin:G ���
� È���G & G��vG   � �i� � (2.1.18)

in which the entriesof the gradientsin Equation(2.1.17)are entirely uncoupled. Thus Equa-
tion (2.1.18)givesusastraightforwardexpressionfor theoptimal

È��
:È��F� Ó Ð������ � � ��� (2.1.19)

wheretheunknown constants
�

and
 

canbeobtainedby returningto theconstraints.
Theprobabilityof agivenstatefollows from thefirst constraint(2.1.12)°! L� Ó Ð � � "# � Ó Ð � � � (2.1.20)

which is by now familiarasthecanonicaldistributionfunction.As youmightguess,theparameter 
will onceagainturn out to be & K
¢ ¡ whenwe examinethe thermodynamicsof the canonical

ensemble.
[Note that the above derivation assumedthat the numbersof states N È���P assumesthe most

probabledistribution,e.g.,maximizes
�

. For a morerigorousapproachwhich directly evaluates
theexpectedvaluesof

È��
seeSection3.2of Pathria[3].]
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2.2 More Thermodynamics

With thecanonicaldistribution functiondefinedaccordingto Equation(2.1.20),we cancalculate
theexpectedvalueof apropertyof acanonicalsystem$ k&%y� # � ke� Ó Ð � � � (2.2.21)

where
$ k&%

is the expectedvalueof someobservableproperty
k
, and

k��
is the valueof

k
corre-

spondingto the �('*) state.For example,the internalenergy of a systemin thecanonicalensemble
is definedastheexpected,or average,valueof

�
:#�� # � � � Ó Ð � � �# � Ó Ð � � � �HG II|  �7�
�]Û ) � Ó Ð � � � Ü �HG II|  ���
�  � (2.2.22)

TheHelmholtzfreeenergy + is definedas + �g#·G ¡ ® , andincrementalchangesin + can
be relatedto changesin internalenergy, temperature,andentropy by

m + � m #·G ¡ m-, G ®ym ¡ .
Substitutingour basicthermodynamicsaccountingfor the internalenergy

m # � ¡ m¯® G$° m s !² m � , resultsin: m + �´G ®um ¡ G±° m s !±² m �ô� (2.2.23)

Thus,theinternalenergy
# � + ! ¡ ® canbeexpressedas:#�� + G ¡ o I +I ¡ p � � §]�´G ¡ � q II ¡ o +¡ p_r � � §v� q I . + K ¡�1I¥. & K ¡�1 r � � § � (2.2.24)

We can equateEqs. (2.2.22)and (2.2.24)by setting
 h� & KS¢ ¡ . [So far we have still not

shown that
¢

is the sameconstant(Boltzmann’s constant)that we introducedin Chapter1; here¢
is assumedto be someundeterminedconstant.]The Helmholtz free energy canbe calculated

directly from thecanonicalpartitionfunction:+ �´G�¢ ¡ ���
�  � (2.2.25)

How doweequatetheconstant
¢

of thischapterto Boltzmann’sconstantof thepreviouschap-
ter?Weknow thattheprobabilityof agivenstate� in thecanonicalensembleis givenby:° �F� Ó Ð � � � K. � (2.2.26)

Next we take theexpectedvalueof thelog of this quantity:$ �7�
� °j�/%u�HG ���
�  G[  $ � �0%º�´G ���
�  G[ �#��� �. + GÇ# 1f� (2.2.27)

[You might think that in thestudyof statisticalmechanics,we areterribly eagerto take loga-
rithmsof every lastquantitythatwe derive, perhapswith no a priori justification. Of course,the
justificationis soundin hindsight.Sowhenin doubtin statisticalmechanics,try takingalogarithm.
Maybesomethingusefulwill appear!]
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A usefulrelationshipfollows from Equation(2.2.27).Since + Gï# �HG ¡ ® ,
® �HG�¢ $ ���
� ° � % .Theexpectedvalueof

. �7�
� °j� 1 is straightforwardto evaluate:® �ûG�¢ ) � ° � �7�
� ° � � (2.2.28)

From this equation,we canmake a connectionto the microcanonicalensemble,andthe
¢

from
Chapter1. In a microcanonicalensemble,eachstateis equallylikely. Therefore

°j��� t Ð|	 , and
Equation(2.2.28)becomes® � ¢ ) � t Ð|	 �7�
� t ��¢ ) � mm t �7�S� t � ¢ �7�S� t%� (2.2.29)

whichshouldlook familiar. Thusthe
¢

of Chapter2 is identicalto the
¢

of Chapter1, Boltzmann’s
constant.

2.3 Formalism for Classical Systems

As in theconstructionof theclassicalmicrocanonicalpartitionfunction,in definingthecanonical
partitionfunctionfor classicalsystemswemakeuseof thecorrectionfactordescribedin Chapter1
which relatesthevolumeof classicalphasespaceto adistinctnumberof microstates.An elemen-
tary volumeof classicalphasespace

m ^ � Y m ^ � X is assumedto correspondto
m ^ � Y m ^ � X K �¿¼À½Ä^ �

distinguishablemicrostates.Thepartitionfunctionbecomes:û� &�`¼¾½ ^ � ¶ Ó Ð � Á m ^ � Y m ^ � X[� (2.3.30)

andmeanvaluesof aphysicalproperty
k

areexpressesas:$ k&%u� Ã k�. Y��X�1 Ó Ð � Á ��1 � 2 � m ^ � Y m ^ � XÃ Ó Ð � Á ��1 � 2 � m ^ � Y m ^ � X � (2.3.31)

2.4 Equipartition

Thestudyof molecularsystemsoftenmakesuseof theequipartitiontheorem,whichdescribesthe
correlationstructureof thevariablesof aHamiltoniansystemin thecanonicalensemble.Recalling
that the classicalHamiltonianof a system

b
is a function of 3
� independentmomentumand

positioncoordinates.Wedenotethesecoordinatesby
Ö �

andseekto evaluatetheensembleaverage:$ Ö � I bI Ö  %u� Ã é ¬ Á¬ Ô " ê Ó Ð � Á m�4 �65Ã Ó Ð � Á m 4 � 5 � (2.4.32)

wherethe integration is over all possiblevaluesof the 3
� Ö coordinates.The Hamiltonian
b

dependson the internal coordinatesalthoughthe dependenceis not explicitly statedin Equa-
tion (2.4.32).
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Using integrationby partsin thenumeratorto carryout theintegrationover the
Ö  

coordinate
produces: $ Ö � I bI Ö  %u� Ã q é G Ô �� Ó Ð � Á ê þþþ Ô87"Ô�9" ! Ã 	� é ¬ Ô �¬ Ô " ê Ó Ð � Á m Ö  r m:4 �uÐ|	�5Ã Ó Ð � Á m 4 � 5 (2.4.33)

wherethe integrationover
m:4 �uÐ|	�5 indicatesintegrationover all

Ö
coordinatesexcluding

Ö  
. The

notation
ÖiÐ 

and
Ö;� 

indicatestheextremevaluesaccessibleto thecoordinate
Ö  

. Thusfor amomen-
tum coordinatetheseextremevalueswould be

ñ=<
, while for a positioncoordinatethe extreme

valueswould comefrom theboundariesof thecontainer. In eithercase,thefirst termof thenu-
meratorin Equation(2.4.33)vanishesbecausetheHamiltonianis expectedto becomeinfinite at
theextremevaluesof thecoordinates.

Equation(2.4.33)canbefurthersimplifiedbynotingthatsincethecoordinatesareindependent,I Ö ��KSI Ö  ©� ¸ �> , where ¸ �> is the usualKronecker deltafunction. [ ¸ �> z� & for � �@?
; ¸ �> z� � for�BA�C?

.] After simplificationwe areleft with$ Ö � I bI Ö  %u�l¢ ¡J¸ �> � (2.4.34)

which is the generalform of the equipartitiontheoremfor classicalsystems.It shouldbe noted
thatthis theoremis only valid whenall coordinatesof thesystemcanbefreely andindependently
excited,which maynot alwaysbethecasefor certainsystemsat low temperatures.Sowe should
keepin mindthattheequipartitiontheoremis rigorouslytrueonly in thelimit of hightemperature.

Equipartitiontellsusthatfor any coordinate
$ Ö ¬ Á¬ Ô %u� ¢ ¡ . Applying this theoremto amomen-

tum coordinate,Q � , wefind, $ Q � I bI Q � %�� $ Q �¯RV �/%º� ¢ ¡l� (2.4.35)

[Rememberthebasicformulationof Hamiltonianmechanics.]Similarly,$ V �:RQ �/%º�´G�¢ ¡·� (2.4.36)

From Equation(2.4.35),we seethat the averagekinetic energy associatedwith the �('*) coor-
dinateis

$ ��w �� K ( %/�ù¢ ¡ K ( . For a threedimensionalsystem,the averagekinetic energy of each
particleis specifiedby a ¢ ¡ K ( . If thepotentialenergy of theHamiltonianis a quadraticfunction
of the coordinates,theneachdegreeof freedomwill contribute

¢ ¡ K ( energy, on average,to the
internalenergy of thesystem.

2.5 Example Problem: Harmonic Oscillators and Blackbody
Radiation

A classicalproblemis statisticalmechanicsis thatof a blackbodyradiation.What is theequilib-
rium energy spectrumassociatedwith acavity of agivenvolumeandtemperature?
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2.5.1 Classical Oscillator

The vibrationalmodesof a simplematerialcanbe approximatedby modelingthe materialasa
collectionof simpleharmonicoscillators,with Hamiltonian(for thecaseof classicalmechanics):b � �) �+* 	 q �ED �ø( V �� ! &( � Q �� r � (2.5.37)

whereeachof the identical � oscillatorsvibrateswith onedegreeof freedom. The naturalfre-
quency of theoscillatorsis denotedby

D¥ø
. Thepartition function for sucha systemis expressed

as: ·� &�`¼¾½ � ¶GF8HJI K GJ  �) �+* 	�q �ED �ø( V �� ! &( � Q �� rML<m � Y m � X[� (2.5.38)

which is productof � single-particleintegrals:û� &�`¼ q &½ ¶NFOHJIQP G�  o �ED �ø( V � ! &( � Q � pQR m V m Q r � � (2.5.39)

Usingtheidentity for Gaussiandistributions Ã Ó ÐÕÔ � m Ö �TS Î , Equation(2.5.39)is reducedtoû� &�`¼ Û &½ o ( Î j�ED �ø p 	�ÌÍ� o ( Î �  p 	�ÌÍ� Ü � (2.5.40)

or û� &�`¼ q ( Î  ½ D¥ø r � � (2.5.41)

Rememberthat the factor & K �¿¼ correctsfor the fact that theparticlesin thesystemareindis-
tinguishable.If theparticlesin thesystemaredistinguishable,thenthepartitionfunctionis given
by: û� q ( Î  ½ D¥ø r � � (2.5.42)

which is thesingle-particlepartitionfunctionraisedto the � power.

2.5.2 Quantum Oscillator

Theone-dimensionalSchr̈odingerwaveequationfor a particlein aharmonicpotentialis:GVU �( � m � ßm Ö � ! &( �ED �ø Ö£� ß � � ßJ� (2.5.43)

wherethe constantU is equalto ½ K ( Î , D¥ø is the angularfrequency associatedwith the classical
oscillator, and

�
is the energy eigenvalueof the Schr̈odingeroperator. This equationshas,for

quantumnumbers
È%� � � & � ( ������� , energy valuesof

� � � U D¥øK ( �za U D¥ø-K ( � Ú U D�øK ( ������� . The
so-calledPlanckoscillatorexcludesthe

ÈÝ� � eigenvalue.[For acompleteanalysisandassociated
wave functions,seeany introductoryquantumphysicstext, suchasFrenchandTaylor [2].]
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Thusthesingle-particlepartitionfunctionis givenby (for theSchr̈odingeroscillator): 	 � Ò) � * ~ Ó Ð � � � ��	�ÌÍ� ��W�X
�

(2.5.44)

whichcanbesimplified  	 � Ó Ð � WYX � ÌÍ�& G Ó Ð � W�X � � (2.5.45)

For � distinguishableoscillatorsthepartitionfunctionbecomes � �Z � 	 � Ó Ð:� � WYX ÌÍ�. & G Ó Ð � WYX � 1 � � (2.5.46)

Fromour thermodynamicanalysis,wecalculateinternalenergy of the � -particlesystemas#��´G II|  ���
�  � � � q U D¥ø( ! U D¥øÓ � WYX � G & r � (2.5.47)

ThePlanckanalysisof this system(excludingthezero-pointenergy
È¿� � eigenvalue),resultsin

amean-energy peroscillatorof: $ � %º� #� � U D¥øÓ � WYX � G & (2.5.48)

.

2.5.3 Blackbody Radiation

Considera large box or cavity with lengthdimensions
å Ô , å ë , and

å ì
, in which radiationis re-

flectedoff the six internal walls. [It is assumedthat radiation is absorbedand emittedby the
container, resultingin thermalequilibrium of the photons.] In this cavity, a given frequency

D
correspondsto wavenumber

¢z�[D2K.\
, where

\
is thespeedof light and

¢
is wavenumbermeasured

in unitsof inverselength. Wavenumbersobtainablein therectangularcavity arespecifiedby the
Cartesiancomponents

¢ Ô � ( Î È Ô K å Ô , ¢Së{� ( Î È�ëeK å ë , and
¢
ì � ( Î ÈFì�K å ì , where

È Ô , È�ë , and
ÈFì

areintegersand
¢���.�¢ �Ô !d¢ �ë !d¢ �ì 1 	�ÌÍ� . Angularfrequency, expressedin termsof theintegers

È Ô ,È�ë
, and

È�ì
, is: D¥ø2� ( Î \^]>.EÈ Ô K å Ô�1 � !�.ÏÈ�ë�K å ë 1 � ! .EÈFì�K å ì 1 �`_ 	�ÌÍ� � (2.5.49)

Thetotalnumberof modescorrespondingto agivenfrequency range,as
D�øbacD

, canbecalculated
from theintegral (in thecontinuouslimit):¶ X �ed X m È Ô m È�ë m ÈFì � (2.5.50)

Changingintegrationvariablesto f|Ô ��È Ô K å Ô , f ë��%È�ëeK å ë , f ìL�%È�ì�K å ì , yieldså Ô å ë å ì ¶ ��g �h �ig �j g �k � �mlÏ� d X ÌÍ�
npo m fÄÔ m f ë m f ë � (2.5.51)
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Evaluatingthis integralgivesthenumberof modeswith frequency of lessthan
D

:å Ô å ë å ì o�Þa p Î é D( Î \ ê ^ (2.5.52)

andthenumberwith frequenciesbetween
D

and
Dv! m D

iså Ô å ë å ìeD �( Î � \ ^ m D or
s D �( Î � \ ^ m D � (2.5.53)

where s is thevolumeof the cavity. Multiplying by a factorof 2, for the two possibleopposite
polarizationsof a givenmode,weobtain: s D �Î � \ ^ m D (2.5.54)

for thenumberof obtainablestatesfor aphotonof frequency between
D

and
D]! m D

. Multiplying
by thePlanckexpressionfor

$ � % themeanenergy peroscillator, wegetm � X � s U D ^ m DÎ � \ ^ . Ó � WYX G & 1 � (2.5.55)

theradiationenergy (sumtotal of energy of thephotons)in thefrequency range.

2.6 Example Application: Poisson-Boltzmann Theory

Asanexampleapplicationof canonicalensembletheoryto biomolecularsystems,wenext consider
the distribution of ions arounda solvatedchargedmacromolecule.If the electricfield q canbe
expressedasthegradientof apotential q �HG ãEr , theGauss’Law canbeexpressedã � � . �M1 ãsr . �M1 �´GBt�. �M1f� (2.6.56)

where� . �M1 is theposition-dependentpermittivity, and
t�. �S1 is thechargedensity. Thiselectrostatic

approximationis valid if the lengthscaleof the systemis muchsmallerthanthe wavelengthsof
theelectromagneticradiation.

We cansplit thechargedensity
t�. �S1 into two contributions:t�. �M1 �utwv�. �M1 !xt�y�. �M1f� (2.6.57)

where
twv�. �M1 is thechargedensityassociatedwith theionizedresidueson themacromolecule,andt�y�. �M1 is the charge densityof the salt ions surroundingthe molecule. For a mono-monovalent

salt themobile ions,distributedaccordingto Boltzmannstatistics(thermalequilibriumcanonical
distribution),haveamean-fieldconcentrationoft�y�. �M1 �HG V{z-�}Ë!| y�. Ó�}�~�� Ì
	�� G Ó Ð }(~(� Ì
	Y� 12� (2.6.58)

where | y is the bulk concentrationof the salt, and �{Ë is Avogadro’s number, and Vpz is the ele-
mentarycharge. This distribution assumesthat ions interactwith oneanotheronly throughthe
electrostaticfield, andthusis strictly valid only in thelimit of dilutesolutions.
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The two termson the right-handside of Equation(2.6.58)correspondto concentrationsof
positiveandnegativevalenceions. Substitutionof Equation(2.6.58)into Gauss’Law leadsto the
Poisson-Boltzmannequation:ã � � . �M1 ãsr . �M1 G ( Vpz��{Ë�| y æ�ç7èi� . Vpze� KS¢ ¡�1 �HG�twv�. �M1f� (2.6.59)

a nonlinearpartial differentialequationfor electrostaticpotentialsurroundinga macromolecule.
Oncetheelectrostaticpotentialis calculated,theion concentrationfield is straightforwardprovided
by Equation(2.6.58).

2.7 Brief Introduction to the Grand Canonical Ensemble

Grandcanonicalensembletheory is the statisticaltreatmentof a systemwhich exchangesnot
only energy, but also particles,with its environmentin thermalequilibrium. Derivation of the
basicprobabilitydistributionfor thegrandcanonicaldistribution is similar to thatof thecanonical
ensemble,exceptthatboth

�
and � aretreatedasstatistically-varyingquantities.The resulting

probabilitydistribution is of theform: ° � �  L� Ó × � � � Ð � � "�z.Ï² �Dsu��¡�1 � (2.7.60)

whereeachstateis specifiedby numberof particles� � , andenergy
�  

.
Thegrandpartitionfunctionis definedby summationoverall � and

?
states:�z.Ï² �Dsy�-¡�1 � ) � )  Ó × � � � Ð � � " � (2.7.61)

which is oftenwritten in a form like:�z. á �Dsy�-¡�1 � ) � á � � )  Ó Ð � � " � (2.7.62)

where á � Ó ×�Ì
	�� is calledthe fugacity (the tendency to be unstableor fly away, from the Latin
fugeremeaningto fleeaccordingto theOxford EnglishDictionary[5]).
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Problems

1. (Derivationof canonicalensemble)Show thatEquation(2.1.8)is uniquelysolvedby Equa-
tion (2.1.9).

2. (Simpleharmonicoscillatorsandblackbodyradiation)Comparetheclassicaloscillatorwith
theSchr̈odingerandPlanckoscillators.(a)Whatis theenergy peroscillatorin thecanonical
ensemblefor the classicalcase?Which oscillators(if any) obey equipartition?For those
thatdo not, is therea limiting casein which equipartitionis valid? [Hints: plot

#fK � asa
functionof temperature.PerhapsTaylorexpansionsof theseexpressionswill behelpful.] (b)
From Equation(2.5.55)obtaina nondimensionalexpressionfor energy per unit frequency
spectrum,and plot the nondimensionalenergy distribution of blackbodyradiationversus
nondimensionalfrequency

  U D . At what frequency doesthe spectralenergy distribution
obtainamaximum?

3. (Electrical doublelayer) Considera one-dimensionalmodelof a metalelectrode/solution
electrolyteinterface. The potentialin the solution is governedby the Poisson-Boltzmann
equation: m � �m Ö � � ( V �z �}Ë!| y� ¢ ¡ æ-ç7è�� �]�
(a) Show that theabove equationis thePoisson-Boltzmannequationin termsof thedimen-
sionlesspotential � � Vpz r K
¢ ¡ . Show thatthisequationcanbelinearizedasm � �m Ö � ��� � �Ý�
(b) EvaluatetheDebyelength( & Kw� ) for thecaseof 0.1 M and0.0001M solutionof NaCl.
(c) Usingtheboundarycondition

q m �m Ö r Ô * ~ �HG Vpz��� ¢ ¡
(where � is thechargedensityon thesurfaceof theelectrode),find � . Ö 1 . Plot theconcen-
trationsof NaandCl asfunctionsof Ö (assumeapositively-chargedelectrode).

4. (Donnanequilibrium)Consideragelwhichcarriesacertainconcentration| �B. �M1 of immobile
chargesandis immersedin anaqueoussolution.Thebulk solutioncarriesmono-monovalent
mobileionsof concentration|b� . �M1 and |JÐ . �M1 . Away from thegel, theconcentrationof the
saltionsachievesthebulk concentration,denoted| ø . Whatis thedifferencein electricalpo-
tentialbetweenthebulk solutionandtheinteriorof thegel?[Hint: assumethatinsidethegel,
theoverallconcentrationof negativesaltion balancesimmobilegel chargeconcentration.]
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Brownian Motion, Fokker-Planck
Equations, and the Fluctuation-Dissipation
Theorem

Armedwith our understandingof thebasicprinciplesof microscopicthermodynamics,we arefi-
nally readyto examinethe motionsof microscopicparticles. In particular, we will study these
motionsfrom theperspective of stochasticequations,in which randomprocessesareusedto ap-
proximatethermalinteractionsbetweentheparticlesandtheirenvironment.

3.1 One-Dimensional Langevin Equation and Fluctuation-
Dissipation Theorem

Considerthefollowing Langevin equationfor theone-dimensionalmotionof aparticle:�·RwF. n 1 !��
w�. n 1 ��k.y�. n 1 !Çk ý . n 1 (3.1.1)

where
�

is themassof theparticle,
�

is thecoefficientof friction,
k.y

is thesystematic(determinis-
tic) forceactingon theparticle,and

k ý
is a randomprocessusedto inducethermalfluctuationsin

theenergy of theparticle. Equation(3.1.1)canbethoughtof asNewton’s secondlaw with three
forcesactingon theparticle:viscousdamping,randomthermalnoise,andasystematicforce.

Equation(3.1.1)canbefactored� Ó Ð�� ' Ì v mm0n ] Ó ��� ' Ì v w _ � k.yi!Çk ý � (3.1.2)

andhasthegeneralsolution:w�. n 1 � Ó Ð�� ' Ì v q w�. � 1 ! &� ¶ '~¿Ó ��� y Ì v .�k.y�. , 1 !ïk ý . , 1-1 m-, r � (3.1.3)

Usingangledbrackets
$ � % to denoteaveragingovertrajectories,wecancalculatethecovariance

27
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in particlevelocity:$ w�. n 	�1 w�. n ��1 %ô� Ó Ð���� ' � � ' � � Ì v ] w � . � 1 !w�. � 1� ¶ ' �~ Ó ��� y � Ì v $ k.y�. , 	�1 !Çk ý . , 	-1 % m-, !w�. � 1� ¶ ' �~ Ó ��� y � Ì v $ k.y�. , �D1 !Çk ý . , ��1 % m-, !&� � ¶ ' �~ ¶ ' �~ Ó ���e� y � � y � � Ì v $ k ý . , 	�1 k ý . , �D1 % mJ, 	 m-, � r � (3.1.4)

assumingthatthedeterministicforceshave zeroaverages.Equation(3.1.4)canbefurthersimpli-
fied:$ w�. n 	�1 w�. n �D1 %º�%w � . � 1 Ó Ð��e� ' � � ' � � Ì v ! Ó Ð��e� ' � � ' � � Ì v� � ¶ ' �~ ¶ ' �~ Ó ���e� y � � y � � Ì v $ k ý . , 	�1 k ý . , �D1 % mJ, 	 m-, �»�

(3.1.5)
And if we assumethat the randomforce is a white noiseprocess,thenits correlationcanbe de-
scribedby: $ k ý . , 	�1 k ý . , ��1 %u� +�¸ . , 	 G , �D1F� (3.1.6)

IntegratingEquation(3.1.5)over
, 	 weobtain:$ w�. n 	�1 w�. n �D1 %u��w � . � 1 Ó Ð��e� ' � � ' � � Ì v ! Ó Ð��e� ' � � ' � � Ì v� � ¶ ' �~ + Ó �Ä�
� y � Ì v�� . n 	 G , �D1 m-, � � (3.1.7)

where
� . n 1 is thestepfunctiondefinedby� . n 1 � ��>� & n Ù �& K ( n � �� n�� � .

(3.1.8)

Finally, integrationof Equation(3.1.7)yields:$ w�. n 	�1 w�. n �D1 %��w � . � 1 Ó Ð��e� ' � � ' � � Ì v ! +( �
� ] Ó Ð���� ' � Ð ' � � Ì v G Ó Ð���� ' � � ' � � Ì v _ � (3.1.9)

To obtainthemeankineticenergy, we take
n 	 � n � � n :$ w � . n 1 %º�%w � . � 1 Ó Ð¯�
� ' Ì v ! +( ��� ] & G Ó Ð¯�
� ' Ì v _ � (3.1.10)

whichapproaches $ w � . n 1 %º� +( ��� (3.1.11)

at equilibrium.Fromequipartitionwe have
$ w � %º� ¢ ¡ KM� . So$ k ý . , 	�1 k ý . , ��1 %º� ( �Õ¢ ¡J¸ . , 	 G , �D1F� (3.1.12)

which is a statementof the fluctuation-dissipationtheorem. To obtain thermalequilibrium, the
strengthof the random(thermal)noisemustproportionalto the frictional dampingconstant,as
prescribedby Equation(3.1.12).
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3.2 Fokker-Planck Equation

Imagineintegratinga stochasticdifferentialequationsuchasEquation(3.1.1)a numberof times
so that the noisy trajectoriesconverge into a probability densityof states. Consideringan � -
dimensionalproblemwith thevector

�Ö . n 1 representingthestatespace,we denotetheprobability
distribution as

� . �Ö . n 1�� n 1 andintroduce
° . �Ö . n !x� 1D� n !x��� �Ö�� . n 1�� n 1 astheprobabilityof transition

from state
�Ö�� . n 1 at time

n
to
�Ö . n !�� 1 at time

n !��
.

Fromthetransitionprobabilityit follows:� . �Ö . n !�� 1D� n !�� 1 � ¶ ° . �Ö . n !�� 1�� n !���� �Ö � . n 1�� n 1 � . �Ö � . n 1�� n 1 m �Ö � � (3.2.13)

Expandingthetransitionprobabilityasapowerseries,weobtain� . �Ö . n !�� 1D� n !�� 1 � ¶ Û ° . �Ö . n 1�� n � �Ö � . n 1D� n 1 !Ç! Ò) � * 	 &È ¼ . Ö � � . n !�� 1 G Ö � � . n 1-1F�����. Ö ���Ä. n !�� 1 G Ö ��� . n 1�1 I �I Ö � � ����� I Ö � � ° . �Ö . n 1D� n � �Ö � . n 1�� n 1 r � . �Ö . n 1�� n 1 m �Ö � �
(3.2.14)

wheretheconventionof summationover theindices��	��e���e��������� � is implied. Noting that°�. �Ö . n 1D� n � �Ö � . n 1�� n 1 � ¸ . �Ö . n 1 G �Ö � . n 1-1 � ¸ . Ö 	 . n 1 G Ö � 	 . n 1�1F������¸ .�. Ö � . n 1 G Ö � � . n 1-1�1F� (3.2.15)

weobtain� . �Ö . n !�� 1�� n !�� 1 � � . �Ö . n 1D� n 1 ! ¶ Û Ò) � * 	 &È ¼ . Ö � � . n !�� 1 G Ö � � . n 1-1F�����. Ö � � . n !�� 1 G Ö � � . n 1-1 I �I Ö � � ����� I Ö ��� ¸ . �Ö . n 1 G �Ö � . n 1-1 r � . �Ö . n 1D� n 1 m �Ö � �
(3.2.16)

or � . �Ö . n !�� 1D� n !�� 1 � � . �Ö . n 1�� n 1 ! ¶ Û Ò) � * 	 &È ¼ . Ö �� � . n !�� 1 G Ö �� � . n 1-1F�����. Ö ���� . n !�� 1 G Ö ���� . n 1�1 I �I Ö �� � ����� I Ö ���� ¸ . �Ö . n 1 G �Ö � . n 1-1 r � . �Ö . n 1D� n 1 m �Ö � �
(3.2.17)

By successively integratingby parts,wecanmove thederivativesoff of thedeltafunctions:� . �Ö . n !�� 1D� n !�� 1 � � . �Ö . n 1�� n 1 ! ¶ ¸ . �Ö . n 1 G �Ö � . n 1-1 Û Ò) � * 	 .BG & 1 �È ¼ I �I Ö �� � ����� I Ö �� �. Ö �� � . n !�� 1 G Ö �� � . n 1�1F����� . Ö ���� . n !�� 1 G Ö ���� . n 1-1 _ � . �Ö . n 1�� n 1 m �Ö � �
(3.2.18)
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Equation(3.2.18)integratesto� . �Ö . n !�� 1�� n !�� 1 � � . �Ö . n 1D� n 1 !Ò) � * 	 .�G & 1 �È ¼ I �I Ö � � ����� I Ö ��� �÷. Ö � � . n !�� 1 G Ö � � . n 1�1F����� . Ö � � . n !�� 1 G Ö � � . n 1�1 � . �Ö . n 1�� n 1��u�
(3.2.19)

or in thelimit
� ä � ,II n � . �Ö � n 1 � Ò) � * 	 .�G & 1 �È ¼ I �I Ö � � ����� I Ö ���q � ç���O  ~ o &� � Ö � � . n !�� 1 G Ö � � . n 1��0����� � Ö ���|. n !�� 1 G Ö ��� . n 1B� p � . �Ö . n 1�� n 1 r �

(3.2.20)

DefiningtheKramers-Moyal coefficients[4] as¡ � � �� ��¢£¢£¢ ��� � &È ¼:� ç����  ~ o &� � Ö � � . n !�� 1 G Ö � � . n 1��0����� � Ö ��� . n !�� 1 G Ö ��� . n 1B� p � (3.2.21)

WeobtaintheFokker-Planckequationfor
� . �Ö � n 1 :II n � . �Ö � n 1 � Ò) � * 	 .�G & 1 � I �I Ö � � ����� I Ö ���¥¤ ¡ � � �� ��¢£¢£¢ ��� � . �Ö . n 1�� n 1�¦W� (3.2.22)

In the following sectionwe evaluatethe Kramers-Moyal expansioncoefficients for a nonlinear� -dimensionalstochasticdifferentialequation.

3.3 Brownian Motion of Several Particles

ConsiderthegeneralnonlinearLangevin equationfor severalvariables
�§ . n 1 � § 	 . n 1F� § � . n 1������ § � . n 1 :R§ �F� ½ �B. �§ . n 1�� n 1 ! � �£ S. �§ . n 1�� n 1ÄÑ  �. n 1 (3.3.23)

where Ñ  M. n 1 areuncorrelatedwhitenoiseprocessesdistributedaccordingto:$ Ñ ��. n 1 %u� � � $ Ñ �Í. n 	-1�Ñ  �. n ��1 %u� ( ¸ �> ¸ . n 	 G n �D1f� (3.3.24)

In Equation(3.3.23)weusetheEinsteinconventionof summationoverrepeatedindices.Thusthe
matrix � �> describesthecovariancestructureof therandomforcesactingon

�§ . n 1 .
Equation(3.3.23)hasthegeneralsolution:§ ��. n !�� 1 G § ��. n 1 � ¶ ' � �' � ½ �B. �§ . n � 1D� n � 1 ! � �> �. �§ . n � 1�� n � 1ÄÑ  �. n � 1�� m
n � (3.3.25)
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Wecanexpandthis integralby expandingthefunctions ½ � and � �> ½ �B. �§ . n � 1�� n � 1 � ½ �B. �§ . n 1�� n � 1 ! � § 	 . n � 1 G § 	 . n 1�� � II § 	 ½ ��. �§ . n 1D� n � 1 ! ������ �> �. �§ . n � 1�� n � 1 � � �£ M. �§ . n 1�� n � 1 ! � § 	 . n � 1 G § 	 . n 1B� � II § 	 � �> �. �§ . n 1D� n � 1 ! ����� (3.3.26)

andinsertingtheseexpansionsinto Equation(3.3.25):§ �B. n !�� 1 G § �B. n 1 � Ã ' � �' ½ �B. �§ . n 1�� n � 1 m
n � ! Ã ' � �' � § 	 . n � 1 G § 	 . n 1�� � ¬¬�¨�© ½ ��. �§ . n 1�� n � 1 m
n � ! �����! Ã ' � �' � �> �. �§ . n 1�� n � 1�Ñ  M. n � 1 m
n � ! Ã ' � �' � § 	 . n � 1 G § 	 . n 1B� � ¬¬�¨�© � �£ M. �§ . n 1�� n � 1�Ñ  M. n � 1 m0n � ! �����
(3.3.27)

We can expand the
� § 	 . n � 1 G § 	 . n 1�� terms in the above equationand recursively using Equa-

tion (3.3.27):§ 	 . n !�� 1 G § 	 . n 1 � Ã ' � �' ½i	 . �§ . n 1D� n � 1 m
n � ! Ã ' � �' � §«ª . n � 1 G §«ª . n 1�� � ¬¬�¨¬ ½i	 . �§ . n 1�� n � 1 m
n � ! �����! Ã ' � �' �®	 ª . �§ . n 1�� n � 1�Ñ ª . n � 1 m0n � ! Ã ' � �' � §«ª . n � 1 G §«ª . n 1B� � ¬¬�¨¬ �®	 ª . �§ . n 1�� n � 1�Ñ ª . n � 1 m0n � ! �����
(3.3.28)

To compute
$ § ��. n !¯� 1 G § �B. n 1 % in the limit

� ä � , we insert Equation(3.3.28) into Equa-
tion (3.3.27),averageover trajectories,andretaintermsof first order:$ § �B. n !°� 1 G § . n 1 %2�[� ½ ��. �§ . n 1D� n 1 ! ¶ ' � �' ¶ '�±' q II § 	 � �> �. �§ . n 1D� n � 1 r �®	 ª . �§ . n 1�� n � � 1 ( ¸  ª ¸ . n � G n � � 1 m
n � � m
n � ! �����(3.3.29)
wheretermsof order

� � arenot shown. To evaluatethe integral in Equation(3.3.29),we usethe
identity: ¶ '�±' �.	 ª . �§ . n 1D� n 1 ( ¸  ª ¸ . n � G n � � 1 m0n � � � �®	  �. �§ . n 1D� n 1F� (3.3.30)

andweget: ¡ ��	 �� � ½ ��. �§ . n 1D� n 1 ! �.	  �. �§ . n 1�� n 1 II § 	 � �> �. �§ . n 1�� n 1 (3.3.31)

for thedrift coefficients.
Evaluating

$ � § �B. n !²� 1 G § ��. n 1�� � � §  M. n !²� 1 G §  M. n 1�� % , theonly termthatsurvivesaveragingand
thelimit

� ä � is$ � § ��. n !�� 1 G § �B. n 1B� � � § 	 . n !�� 1 G § 	 . n 1�� %u�¶ ' � �' ¶ ' � �' � �> �. �§ . n 1�� n � 1J�®	 ª . �§ . n 1�� n � � 1 ( ¸  ª ¸ . n � G n � � 1 m
n � � m
n � � ( � � �> �. �§ . n 1�� n 1J�.	  �. �§ . n 1D� n 1
(3.3.32)

and ¡ �À� ��> � � � 	 . �§ . n 1D� n 1��  	 . �§ . n 1�� n 1F� (3.3.33)



Chapter3 – ThermalMotions 32

All higher-ordercoefficientsarezero:¡ � � �� ��¢£¢£¢ ��� � &È ¼ � ç���O  ~ $ � § � � . n !�� 1 G § � � . n 1��0����� � § ���Ä. n !�� 1 G § ���Ä. n 1B� %u� � � È²³ aL� (3.3.34)

TheFokker-Planckequationcorrespondingto Equation(3.3.23)is:I � . �Ö . n 1D� n 1I n � II Ö � q G o ½ ��. �Ö . n 1D� n 1 ! �.	  �. �Ö . n 1�� n 1 II Ö 	 � �£ M. �Ö . n 1�� n 1 p � . �Ö . n 1�� n 1 r! I �I Ö �ÏI Ö  � � � 	 . �Ö . n 1D� n 1��  	 . �Ö . n 1�� n 1 � . �Ö . n 1D� n 1B�u� (3.3.35)

3.4 Fluctuation-Dissipation and Brownian Dynamics

To examinehow the fluctuation-dissipationtheoremarisesfor the generalnonlinearLangevin
equation,wefirst examinethesimpleone-dimensionalproblemdescribedby:R§ � ½ . § � n 1 ! � . § � n 1�Ñ . n 1$ Ñ . n 	�1�Ñ . n ��1 %u� ( ¸ . n 	 G n �D1F� (3.4.36)

If thesystematictermis proportionalto thegradientof apotential,½ �HG ¡   ã # , thentheFokker-
Planckequationis expressedas:I � . Ö � n 1I n � II Ö � ¡  �. ã # 1 � � ! I �I Ö � ] � � � _ � (3.4.37)

If we furtherassumethat
� � Ó Ð �´ at equilibrium,thenmm Ö q G ¡  �. m #m Ö 1 Ó Ð �´ r � m �m Ö � ] � � Ó Ð �´ _ � (3.4.38)

It is straightforward to show that this conditionis satisfiedif � � ¡ 	�ÌÍ� , which is thefluctuation-
dissipationtheoremfor this one-dimensionalBrownianmotion.

This relationshipgeneralizesfor thefollowing � -dimensionalcase:R§ �F��  ¡ �> �k{ y! � �£ Ñ  M. n 1 (3.4.39)$ Ñ �Í. n 	-1�Ñ  �. n ��1 %u� ( ¸ �> ¸ . n 	 G n �D1 (3.4.40)k8 _� mm §  #/. �§ . n 1�� n 1F� (3.4.41)

to � � 	{�  	 � ¡ �> � (3.4.42)

In theaboveequations,
#/. �§ . n 1�� n 1 is thepotentialenergy function,and

¡ �> 
is thefrictional interac-

tion matrix which determinesthehydrodynamicinteractionsbetweentheparticlesin thesystem.
Thus the covariancestructureof the randomforcing is proportionalto the hydrodynamicinter-
action matrix. Given a diffusional matrix

¡ �£ 
, generationof the randomforce vector requires

the calculationof � � 	 , the factorizationof
¡ �> 

. In fact, for Brownian dynamicssimulations,this
factorizationrepresentsthecomputationalbottleneckthatdemandsthemajorityof CPUresources.
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Problems

1. (BrownianMotion) ConsiderthecoupledLangevin equations:� � �Ö !Cµ R�Ö �HG ã #ï! b �Ñ . n 1��
where� is adiagonalmatrixof particlemasses,

µ
is thenon-diagonalfrictional interaction

matrix, andthenoiseterm Ñ is correlatedaccordingto:$ Ñ . n 	-1�Ñ � . n ��1 %u� (.¶ ¸ . n 	 G n ��1��
where

¶
is theidentitymatrix. Thefluctuation-dissipationtheoremtellsusthat:b � b � ¢ ¡ µ �

(a) BrownianMotion If we ignoreinertiain theabovesystemwegetR�Ö �´G &¢ ¡ ¡ ã #ï!x· �Ñ . n 1
where

¡ �h¢ ¡ µ Ð|	 is thediffusionmatrix. Show that
· � ·h� ¡

. Givena diffusion
matrix

¡
, how wouldyoucalculateits factor

·
?

(b) BrownianDynamicsAlgorithm Under what circumstancesdo you think the inertial
systemwill reduceto theover-damped(non-inertial)system?Assumingthat the ran-
domandsystematicforcesremainconstantover a time stepof length Å n , find anex-
pressionfor

�w�. n ! Å n 1 in termsof
�w�. n 1 . [Hint: The equationscanbe decoupledby

consideringthe eigendecompositionof + � � Ð|	 µ . Proceedby finding a matrix-
vectorequivalentto Equation(3.1.3).]Show thatundera certainhighly-dampedlimit,
this expressionreducesto theBrownianequation�w�. n 1 � ¡¢ ¡ � systematicforce+ randomforce�
�

2. (NumericalMethods)Deviseanumericalpropagationschemefor theBrownianequation.
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