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Chapter 1

Basic Principles and the Microcanonical
Ensemble

The first part of this coursewill consistof an introductionto the basicprinciplesof statistical
mechanicqor statisticalphysics)which is the set of theoreticaltechniquesusedto understand
microscopicsystemsand how microscopicbehaior is reflectedon the macroscopicscale. In
the later partsof the coursewe will seehow the tool set of statisticalmechanicss key in its
applicationto molecularmodeling. Along the way in our developmentof basictheorywe will
uncoverthe principlesof thermodynamicsThis may comeasa surpriseto thosefamiliar with the
classicalengineeringparadigmin which the laws of thermodynamicsppearasif from the brain
of Jove (or from the brain of somewise old professorof engineering).This is not the case. In
fact, thermodynamicsrisesnaturallyfrom basicprinciples. Sowith this foreshadwing in mind
we begin by examiningthe classicalaws of motion'.

1.1 Classical Lawsof Motion

RecallNewton’s famoussecondaw of motion, often expressedasf = ma, wheref is theforce
actingto accelerate particle of massm with the acceleratiora. For a collectionof N particles

locatedat Cartesiarpositionsry, ro, . . ., ry thelaw of motionbecomes
wheref;. f,, . . ., fy aretheforcesactingonthe IV particles.

We shall seethatin the absenceof externalfields or dissipationthe Newtonian equationof
motion preserestotal enegy:

N
1
2
E:K+U:§Zml||r1” +U(r1,r2,...,rN), (112)
i=1

1This coursewill beconcernegrimarily with classicaphysics.Much of the materialpresenteavill be applicable

to quantummechanicabystemsandoccasionallysuchreferencesvill be made.
2A note on notation: Throughoutthesenotesvectorsare denotedby bold lower caseletters(e.g. r;, f;). The

notationi; denoteghetime derivative of r;, i.e.,t; = dr;/dt, andi; = d>r;/dt?.
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whereU is somepotentialenegy functionandf; = —0U/dr; and K is thekinetic enegy.
Anotherway to posethe classicallaw of motion is the Hamiltonianformulation, definedin

termsof the particle positions{r;} and momenta{p; = m;7;}. It is corvenientto adoptthe

notation(from quantummechanicsp = momentaandq = positions andto considerthe scalar

guantitiegp; andg;, which denotetheentriesof thevectorsp andq. For acollectionof V particles

p € Y andq € N3N arethecollective positionsandmomentavectorslisting all 3N entries.
The socalledHamiltonianfunctionis anexpressiorof thetotal enegy of a system:

—'.+U(QI7q25"-aQ3N) . (1.1.3)

Hamilton’s equation®f motionarewritten as:

OH

o= 1.1.4

q op; ( )

D = _ZH. (1.1.5)
q;

Hamilton’s equationsaareequialentto Newton'’s:
¢ = pi/m;, pi=—-0U/dq = f;. (1.1.6)

So why botherwith Hamilton whenwe are alreadyfamiliar with Newton? The reasonis that
the Hamiltonianformulation is often corvenient. For example, starting from the Hamiltonian
formulation,it is straightforvardto prove enegy conseration:

-2 (- ae) (G G)-G) G- e

1.2 Ensemblesand Thermodynamics

With our review of the equationf classicalmechanicxomplete we undertale our studyof sta-
tistical physicswith anintroductionto the conceptof statisticalthermodynamicsin this section
thermodynamicsvill be briefly introducedas a consequencef the interactionof ensemble®f
large numberof particles. The materiallooselyfollows Chapterl of Pathria’s StatisticalMedan-
ics [3], andadditionalinformationcanbefoundin thattext.

1.2.1 An Ensembles of Particles

Consideracollectionof NV particlesconfinedto avolumeV, with totalinternalenegy E. A system
of this sortis oftenreferredto asan NVE systemas N, V, and E arethe threethermodynamic
variableghatareheldfixed. [In generakhreevariablesarenecessaryo definethethermodynamic
stateof a system. Otherthermodynamigroperties suchastemperaturdor example,cannotbe
assignedn anNVE ensemblevithout changingatleastoneof thevariablesV, V, or E.] We will
referto thethermodynamictateasthe maciostateof the system.
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For agivenmacrostatethereis lik ely to be alarge numberof possiblemicrostateswhich cor
respondto differentmicroscopicconfigurationsof the particlesin the system. Accordingto the
principlesof quantummechanicghereis a finite fixed numberof microscopicstatesthatcanbe
adoptedby our NVE system. We denotethis numberof statesasQ(N, V, E)3. For a classical
system,the microstatesare of coursenot discreteandthe numberof possiblestatesfor a fixed
NV E ensemblas in generainotfinite. To seethisimaginea systemof a singleparticle(N = 1)
travelling in an otherwiseempty box of volume V. Thereare no externalforce fields actingon
the particlesoits total enegy is £ = %va. The particle could be foundin arny locationwithin
the box, andits velocity could be directedin ary directionwithout changingthe thermodynamic
macrostatalefinedby the fixed valuesof N, V, and E. Thustherearean infinite numberof al-
lowable states. Let us temporarilyignore this fact and move on with the discussiorbasedon a
finite (yetundeniablylarge) 2(N, V, E). This shouldnot botherthoseof usfamiliar with quantum
mechanics For classicalapplicationswe shall seethat bookkeepingof the statespacefor classi-
cal systemds doneasan integration of the continuousstatespaceratherthana discretesumas
employedin quantumstatisticalmechanics.

At this point don't worry abouthow you might go aboutcomputingQ (N, V, E), or how Q
mightdependn N, V, and E for particularsystemsWe'll addresshesassuedater. For now just
appreciatehatthequantityQ (N, V, E) existsfor anNVE system.

1.2.2 Microscopic Thermodynamics

Considertwo suchso calledNVE systemsgdenotedsysteml andsystem2, having macrostates
definedby (N,,V1,FE1) and(N,, Vs, E»), respectiely.

N,V,E | N,V,E,

Figurel.1l: Two NVE systemsn thermalcontact.

Next, bring the two systemsdnto thermalcontact(seeFig. 1.1). By thermalcontactwe mean
thatthe systemsareallowedto exchangesnengy, but nothingelse.Thatis F; and E, maychange,
but Ny, N,, V1, andV; remainfixed. Of coursethetotal enegy remaindixedaswell, thatis,

EO = E1 + E2 3 (128)

if thetwo systemsnteractonly with oneanother

Now we introducea fundamentapostulateof statisticalmechanicsAt ary time, systeml is
equallylikely to bein any oneof its ; microstateandsystem? is equallylikely to bein ary one
of its 2, microstategmoreonthisassumptionater). Giventhis assumptionthe compositesystem
is equallylikely to bein anoneof its y(E;, E,) possiblemicrostates.The numberQ,(E1, Es)
canbeexpressedsthe multiplication:

Qo(Er, E2) = Q1 (E1)Q(E2) - (1.2.9)

3ThenumberQ(N, V, E) correspondso the numberof independensolutionsto the Schibdingerequatiorthatthe
systemcanadoptfor a giveneigervalue £ of the Hamiltonian.
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Next we look for the value of E; (or equvalently, F5) for which the numberof microstates
Qo (E1, Ey) achievesits maximumvalue. We will call this achiesementequilibrium, or more

specificallythermalequilibrium. The assumptiorherebeingthat physicalsystemsiaturallymove

from improbablemacrostateto moreprobablemacrostate’s Dueto thelarge numberswith which

we dealonthemacro-level (N ~ 102?%), themostprobablemacrostatés ordersof magnitudemore

probablethanevencloselyrelatedmacrostatesThatmeanghatfor equilibriumwe mustmaximize
Qo (E1, Ey) underthe constrainthatthesumE, = E; + E, remainsconstant.

At themaximumo$)y /0E; = 0, or

A ()0 (By)] [0 OE, 00y

= Qy+Q — =0, 1.2.10
OF, E 0By 0E3] g gy ( )
where (Ef, E}) denotethe maximumpoint. SincedE,/0FE; = —1 from Eg. (1.2.8), Equa-
tion (1.2.10)reducedo: 5 5
1 Q1 1 QQ
— EY) = — E; 1.2.11
o 6E1( 1) = % 8E2( 2) ( )
whichis equialentto
0 0
logQ(E7) = log Qs (E5 1.2.12
oF, 108 1(Bf) = 50 ~log 2(E3) - ( )
To generalizefor any numberof systemsn equilibriumthermalcontact,
0 log €2 = 3 = constant (1.2.13)
oF 8 <

for eachsystem.

Let us pauseandthink for a moment: From our experiencewhatdo we know aboutsystems
in equilibriumthermalcontact?Onething thatwe know is thatthey shouldhave the sametemper
ature. Most peoplehave anintuitive understandingf whattemperatures. At leastwe canoften
gaugewhetheror not two objectsareof equalor differenttemperaturesYou might evenknow of
afew waysto measureéemperatureBut do you have a precisephysicaldefinitionof temperature?

It turnsoutthatthe constants is relatedto thetemperaturd” via

B =1/kT , (1.2.14)
wherek is Boltzmanns constant.Thereforetemperaturef the NVE ensemblas expressedis

_1__ o8B
~ kOlogQ(N,V,E) "

(1.2.15)

Until now somereaderanay have hada murky andvaguementalpicture of whatthe thermody-
namicvariabletemperatureepresentsAnd now we all have amurky andvaguementalpictureof
whattemperatureepresentsHopefully the picturewill becomemoreclearaswe proceed.

Next considerthatsystemsl and2 arenot only in thermalcontact,but alsotheir volumesare
allowedto changein sucha way thatthe total volumeV, = Vi + V5 remainsconstant.For this

4Again, the term macostaterefersto the thermodynamicstateof the compositesystem definedby the variables
N1, Vi, Ey, andN,, Vs, E5. A moreprobablemacrostatevill be onethatcorrespond$o morepossiblemicrostates
thanalessprobablemacrostate.
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exampleimaginea flexible wall separateshe two chambers- the wall flexesto allow pressure
to equilibratebetweenthe chambersput the particlesare not allowedto pass. Thus N; and N,
remainfixed. For sucha systemwe find thatmaximizing€, (11, V;) yields

01 (V1)2(V2)] _ [0 Vy 0%y
o, Vi POV Vel e vy ( )
of 1 090 1 00
1 2
— (V) = — iy 1.2.17
or
alo O (V) = 810 Qs (V) (1.2.18)
avl g a‘/é g 2 ? =
or p
FYa log €2 = n = constant (1.2.19)

We shall seethat the parametenm is relatedto pressureasyou might expect. But first we
have onemorecaseto considerthatis massequilibration.For this casejmaginethatthe partition
betweerthe chamberss perforatedandparticlesarepermittedto freely travel from onesystemto
thenext. Theequilibriumstatementor this systemis

0
N log {2 = ( = constant (1.2.20)

To summarizeye have thefollowing:
1. Thermal (Temperature) Equilibrium: 2 logQ = 3.
2. Volume (Pressure) Equilibrium: % log Q) = n.
3. Number (Concentration) Equilibrium: %logQ =(.

How dotheserelationshipsapplyto the macroscopiavorld with whichwe arefamiliar? Recall
thefundamentaéxpressiorfrom thermodynamics:

dE = TdS — PdV + pdN (1.2.21)

which tells us how to relatechangesn enegy E to changesn the variablesentropy S, volume

V', and numberof particles N, occurringat temperaturel’, pressureP, and chemicalpotential

1. Equation(1.2.21)aroseas an empericismwhich relatesthe threeintrinsic thermodynamic

propertiesd’, P, andy tothethreeextrinsicpropertiesV, V', andE. In developingthisrelationship,

it wasnecessaryo introduceanovel idea,entropy, whichwe will try to make somesensef below.
For constant” and /N Equation(1.2.21)givesus

oS 1
e = . 1.2.22
(aE)N,V T (1.2.22)
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Goingbackto Equation(1.2.13)we seethat
S =klogQ, (1.2.23)

which makes senseif we think of entropy asa measureof the total disorderin a system. The
greaterthe numberof possiblestatesthe greaterthe entrogy. For pressureandchemicalpotential
we find thefollowing relationships:

For constant®’ and NV we arrive at
0S P 0 P
— =— or —logQ) = and p = — . 1.2.24
(av)E,N T~ gv BT R (1.2.24)

For constant? andV we obtain

oS O 0 . o
For completeneswe repeat:
oS 1 0 1
(a—E>NV = T or a—EIOgQ = 5, and /B = k_T . (1226)

ThroughEgs.(1.2.24)-(1.2.26)heinternalthermodynamiparametersamiliarto our everyday
experience- temperaturepressureandchemicalpotential— arerelatedto the microscopicworld
of N, V, andE. Thekey to this translationis the formula S = klog. As Pathriaputsit, this
formula“providesa bridgebetweerthe microscopicandthe macroscopic’[3].

After introducingsuchpowerful theoryit is compulsorythatwe work out someexampleprob-
lemsin the following sections.But | recommendhatreaderdacklingthis subjectmatterfor the
first time shouldpauseto appreciatavhatthey have learnedsofar. By assertinghatentropy (the
mostmysteriougpropertyto arisein thermodynamicsis simply proportionato thelog of thenum-
berof accessiblenicrostatesye have deriveddirectrelationshipdetweerthe microscopico the
macroscopiavorlds.

Before moving on to the applicationproblemsl shouldpoint out one more thing aboutthe
number() — thatis its name. The quantity 2 is commonlyreferredto as the microcanonical
partition function apartitionfunctionbeinga statisticallyweightedsumoverthepossiblestate of
asystem.Sincef? is anon-biasec&numeratiorof themicrostateswe referto it asmicrocanonical.
Similarly, anothemamefor the NVE ensemblés themicrocanonicaénsembleLaterwe will meet
thecanonicalNVT) andgrandcanonicaluVT) ensembles.

1.2.3 Formalism for Classical Systems

Themicrocanonicapartitionfunctionfor aclassicakystems proportionato the volumeof phase
spaceaccessibldy the system.For a systemof NV particlesthe phasespaces a 6 N-dimensional
spaceencompassinghe 3N variablesg; andthe 3N variablesp;, andthe partition function is
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proportionatto theintegral:

Q(Na V, E) ~ /5(H(p1,P2, --+-yP3N; 41,92, - - - ,(13N) - E) dpidps . . .dpsy dqidgs . . . dgsn

(1.2.27)
or usingvectorshorthand

QN, V. E) ~ / 5(H(p,q) — E) d*p d*"q (1.2.28)

wherethe notationd®” remindsusthattheintegrationis over 3 N-dimensionakpace.

In Egs.(1.2.27)-(1.2.28}he deltafunction restrictsthe integrationto the the constantenegy
hypersurce definedby H(p,q) = E = constant. [In generalwe won't be integrating this
difficult-looking deltafunctiondirectly. Justthink of it asamathematicashorthandor restricting
the phasespaceto a constant-engyy subspace.]

We noticethatEquation(1.2.28)lacksa constanbf proportionalitythatallows usto replacethe
proportionalitysymbolwith the equality symbolandcomputeQ (N, V, E). This constanttomes
from relating a given volume of the classicalphasespaceto a discretenumberof quantummi-
crostateslt turnsoutthatthis constanof proportionalityis 1/N!h3N, whereh is Plancks constant.
Thus

~ NIp3N

wheretheintegration [, is overthesubspacelefinedby H(p, q) = E.

FromwheredoestheconstantV!43"Y come?We know from quantunmechanicshatto specify
the positionof a particle,we have to allow its momentunto losecoherence Similarly, whenwe
specifythe momentumwith increasingcertainty the positionlosescoherencelf we considerAgq
andAp to bethefundamentalincertaintiesn positionanmomentathenPlancks constantellsus
how theseuncertaintieslependupononeanother:

1
Q(N,V,E) = / dNp *Nq, (1.2.29)
H

h ~ ApAq . (1.2.30)

Thusthe minimal discretevolumeelementof phasespaces approximatelyh for a singleparticle
in one dimension,or h*" whenthereare 3N degreesof freedom. This explains (heuristically
atleast)thefactorof ~3". Fromwheredoesthe N! come?We shallseewhenwe enumerateghe
guantumstatesof theidealgas theindistinguishabilityof the particlesfurtherreduceghepartition
functionby afactorof N!, whichfixes) asthe numberof distinguishablamicrostates.

1.3 Example Problem: Classical Ideal Gas

A systemof noninteractingmonatomicparticlesis referredto asthe ideal gas. For sucha system
thekinetic enepy is the only contribution to the HamiltonianH = pr/Qm, and

1 3N 3N
Q(N,V,E) = N!h3N/Vd q/Hd p (1.3.31)
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where [, representitegrationoverthevolumeof thecontainer[The integral canbesplitinto f;,
and [, componentdecaused (p) doesnotdepencon particlepositionsin ary way.] Therefore

1 N 3N
It turnsoutthatknowing Q2 ~ V¥ is enoughto derive theideal gaslaw:
P 0OlogQ? N
TS v~V (1.3.33)
or
PV =kNT =nRT , (1.3.34)

whereR = kN, is thegasconstanty is the numberof particlesin moles,and N4 is Avogadros
number For other properties(like enegy and entrory) we needto do somethingwith the [,
integralin Equation(1.3.32).

3N
We approachthis integral by first noticing that the constantenegy surfacepr = 2mFE
=1
definesa sphereof radiusR = (2mFE)'/? in 3N-dimensionakpace.We canfind the volumeand
surfaceareaof sucha sphererom a handbookof mathematicafunctions.In %" thevolumeand
surfaceareaof a spherearegivenby:

3N/2 . 93N/2
eyt and Sw(R) = mos T

[One may wonderwhatto do in the casewhere3N/2 is non-integral. Specifically how would
onedefinethe (3N/2)! and(3N/2 — 1)! factorialsAWe could usegammafunctionsI'(3N/2 + 1)

Van(R) = R¥N-L (1.3.35)

andI'(3N/2), wherel'(u) is ageneralizatiorof thefactorialfunction: T'(u) = e "z . It
0
turnsoutthatl'(u) = (u—1)! for 4 > 0. Soin theabove equationgor surfaceareaandvolumewe
o
areusingthe generalizedactorialfunction u! = / e “z#dz, which is the sameasthe regular
0

factorialfunctionfor non-ngative integerarguments.]
Returningto thetaskathand:wewishto evaluatetheintegral [, d*Np overtheconstanenepgy
3N
surfacein ®*Y definedby ) ~ p? = 2mE. Onewayto dothisis to take

=1

/ d*Np = Sy ((2mE)Y?) (1.3.36)
H
which givesus
awvm) =N Vo] ome) (1.3.37)
P N!(3N/2)! | h? ' =

Takingthelog of thisfunction,we will employ Stirling’sapproximationthatlog N! ~ Nlog N —
N, for large N. Thus

1% 32] BN 3N\ %2 1
logQA(N,V,E) = N log E(QWmE) +7—N10g N > +10g(3N)—§ log(2mE) .

(1.3.38)



Chapterl — BasicPrinciples 10

In thelimit of large V, we know thatthe first threetermsgrow fasterthanthe lasttwo. Socom-
biningthe N log(-) termsandkeepingonly termsof order N and N log(N) resultsin

vV (4rmE\*?| 5N
or theentropy
vV (4rmE\*?| 5kN
S(N,V,E) ~ kN log BN < aN ) + - (1.3.40)
Usingourthermodynamidefinition of temperature,
1 1
(%) _ gkNE =7 or (1.3.41)
N,V
2 (F

As you cansee theinternalenegy is proportionalto thetemperaturand,asexpectedthe number
of particles.InsertingEl = 3NkT'/2 into Equation(1.3.40),we get:

V 3 3

S(N,V,T) = Nklog (N) + §Nk [§ + log (QkaT)] (1.3.43)

whichis the SackufTetrodeequationfor entroyy.

We shouldnote that if, insteadof taking the integral [, d*"'p to be the surfaceareaof the
constant-engyy sphere we hadallowed the enegy to vary within somesmall range,we would
have arrived at the sameresults. In fact we shall seethat, for the quantummechanicaldeal gas,
thatis preciselywhatwe will haveto do.

1.4 Example Problem: Quantum ldeal Gas

As we saw for the classicalideal gas,analysisof the guantummechanicaldeal gaswill hingeon
the enumeratiorof the partition function, and not on the analysisof the underlyingequationsof
motion. Neverthelessit is necessaryo introducesomequantummechanicaldeasto understand
theideal gasfrom the perspectie of quantummechanicsit will be worthwhileto go throughthis
exerciseto appreciatdow statisticalmechanicsaturallyappliesto the discretestatesobsenedin
guantumsystems.

First we mustfind the quantummechanicaktate,or wave function(z, y, z), of asinglepar
ticle living in an otherwiseemptybox. The equationdescribingthe shapeof the constant-engyy
wave functionfor a singleparticlein the presencef no potentialfield is

h? h? 0? 0? 0?

2 — _ _ - — | =
V 7/)($,y,2) - 87T2m aIQ + ayQ + 822 E1¢(x7y7z) ' (1444)

8m2m

We solve Equation(1.4.44), aform of Schibdingersequationwith theconditionthaty(z, y, z) —
0 onthewalls of the container The constantenepgy FE; (the subscript'l” remindsusthatthisis
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the enepgy of a singleparticle)is an eigervalueof the Hamiltonianoperatoron the left handside
of Equation(1.4.44).Undertheseconditionsthe single-particlevave functionhastheform:

U(z,y,2) = (%)3/2 sin (nwzm") sin (ny;jy) sin (nfz) (1.4.45)

wherethen,, n,, andn, canbeary of the positveintegers(1, 2, 3, ...). Heretheboxis assumed
to beacubewith sidesof length L. Theenegy E, is relatedto thesenumbersvia

h2
~ 8mlL?
If enegy E; is fixedthenthe numberof possiblequantumstatesis equalto the numberof sets
{nz, ny,n,} for which

E (n2 +mni+n2) . (1.4.46)

gmV2/3

hz !
whereV?/® = [2. For a systemof N noninteractingparticles,we have N suchsetsof three
integers,andtheenegy is the sumof the enegiesfrom eachpatrticle:

3N 2/3
S ont= Sm}g E=FE* (1.4.48)

=1
where E' now representghe total enegy of the system,and E* is a nondimensionalizatiomf
enegy.

The similaritiesbetweernthe classicalideal gasand Equation(1.4.48)are striking. As in the
classicalsystem, the constantenegy conditionlimits the quantumphasespaceto the surfaceof
aspherein 3N dimensionakpace.The importantdifferenceis that for the quantummechanical
systemthe phasespaceds discretebecausehe {n;} areintegers.This discretenatureof the phase
spacemeanghatQ (N, V, E) canbe moredifficult to pin down thanit wasfor the classicalcase.
To seethis imaginethe regularly spacedatticein 3N dimensionakpacewhich is definedby the
setof positiveintegers{n;}. Thenumber)(V, V| E) is equalto thenumberof lattice pointswhich
fall onthe surfaceof the spheredefinedby Equation(1.4.48)-thismumberis anirregularfunction
of (N,V, E). As anillustration, returnto the singleparticle case.Thereis onepossiblequantum

2 2
statefor £, = % andthreepossiblestatesfor £, = % Yet thereare no possible
statedor enegiesfalling betweerthesetwo enegies. Thusthedistinctmicrostatesanbedifficult
to enumerate We shall seethatas E and N becomeéarge, the discretespectrumbecomesnore
regularandsmoothandeasierto handle.

ConsiderthenumberX(N, V, E) whichwe defineto bethe numberof microstatewith enegy
lessthanor equalto E. In thelimit of large E andlarge N, (N, V, E) is equalto the volumeof
the “positive compartmentdf a3 N dimensionakphere RecallingEquation(1.3.35)gives

N3N [ p3N/2 3N/2
S(E) = (§> [(BN/Q)!E ] : (1.4.49)
[The factor (1/2)3" comesfrom limiting X(E*) to the volumespannedy the positive valuesof
{n;}.] Pluggingin E* = 8mV?/3E/h? resultsin

V" (@rmE)*N/?
h3 (3N/2)!

(n2 +n2+nl) = (1.4.47)

S(N,V,E) = ( (1.4.50)
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Next we calculate( N, V, E) from X(N, V, E) by assuminghattheenepgy variesover somesmall
rangeFE + A, where A < E. The enumeratiorof microstateswithin this enegy rangecanbe
calculatedas

Q(N,V,E;A) =~ A% , (1.4.51)
whichis valid for small A (relativeto E). FromEquation(1.4.50),we have
0% 3N\ X
Eoh (7) R (1.4.52)
andthus N X
Q(N,V,E;A) = (3—) ZA (1.4.53)
2 J E
and

logQ(N,V,E;A) = N log

V [(4rmE\*?| 3N 3N A
. 2 tog (2R ) 10 (2 . A,
h3< SNV ) + 5 +og(2)+og<E> (1.4.54)

As for theclassicaldealgas,we take termsof order N log N andorder N whichgrow muchfaster
thanlog N andtheconstanterms.Thus

V [(4rmE\*?

h? 3N

From Equation(1.4.55)we could derive thethermodynamicsf the systemjustaswe did for the
classicaideal gas.However we noticethatthe entropy, whichis givenby

43 (1.4.55)

logQ(N,V, E) = Nlog 5

3kN

S(N,V,E) = kN log 5

3/2
V (“mE ) (1.4.56)

m\ 3N

is notequialentto the SackufTetrodeexpressionEquation(1.3.43).[The differences afactorof
1/N'in the partitionfunction,whichis preciselythe factorthatwe addedo the classicapartition
function,Equation(1.2.29),with no solid justification.]

In fact, one might noticethat the entropy, accordingto Equation(1.4.56)is not an extensve
measure!lf we increasethe volume, enegy, and numberof particlesby somefixed proportion,
thenthe entrogy will notincreaseby the sameproportion. What have we donewrong? How can
we recover the missingfactorof 1/N! ?

To justify this extra factor we needto considerthat the particlesmaking up the ideal gas
systemarenot only identical,they arealsoindistinguishable We label the possiblestatesthat a
givenparticlecanbein asstatel, state2, etc.,anddenotethe numberthat exist in eachstateat
a giveninstantasw,, ws, etc. Thustherearew, particlesin statel, andw, particlesin state2,
andsoon. Sincethe particlesareindistinguishableye canrearrangehe particlesof the system
(by switchingthe stateof theindividual particles)in ary way aslong asthenumbers{w;} remain
unchangedandthe microstateof the systemis unchangedThe numberof waysthe particlescan
berearrangeds givenby v

wl'wg' )
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Introducinganotherassumptionthatif thetemperaturés high enoughthatthe numberof possible
microstatesf a single particleis so fantasticallylarge that eachpossiblesingle particle stateis

representedby, at most,one particle,thenw,;! = 1 (becauseeachw; is eitherl or 0). Thuswe

needto correctthe partitionfunctionby afactor1/N!, andasaresultEquation(1.4.55)reducego

Equation(1.3.39).
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Problems

1. (Warm-upProblem)invert Equation(1.3.40)to producean equationfor E(S,V, N). Us-
ing this equationandour basicthermodynamidaefinitions,derive the pressure-glumelaw
(equationof state).How doesthis comparewith Equation(1.3.34)7?

2. (Particlein abox) Verify thatEquation(1.4.45)is a solutionto Equation(1.4.44).Evaluate
theintegral [, 1/*dzdydz, for the one-particlesystem.Whatarethe 6 lowestpossibleener
giesof this system?For eachof the 6 lowestenegies countthe numberof corresponding
guantumstates.Are the enegy levels equallyspaced”oesthe numberof quantumstates
increasamonotonicallywith E?

3. (Gasof finite sizeparticles)Considera gasof particlesthatdo notinteractin any way except
that,eachparticleoccupiesafinite volumew, which cannotbe overlappedy otherparticles.
What consequencesoesthis imply for the ideal gaslaw? [Hint: returnto the relationship
Q(V) ~ [d* q. Youmighttry assuminghateachparticleis a solid sphere.]Plot P vs.
V for boththe idealgaslaw andthe P-V relationshipfor the finite-volumeparticles. (Use
T = 300K andn = 1 mole.) Discussthe following questionsWheredo the curvesdiffer?
Wherearethey thesameANhy?

4. (Phasespaceof simpleharmonicoscillator) Considera systemmadeup of a singleparticle
of massm attachedto a linear spring, with spring constanta. One end of the springis
attachedo the particle, the otheris fixed in spaceandthe particleis free to move in one
dimension,q. Whatis the Hamiltonian H (p, q) for this system?Plot the phasespacefor
H(p,q) = E. Findanexpressiorfor theentrory S(E) of this system.You canassumehat
enegy variesover somesmallrange: £ + A, A < E. Using1/T = 0S/0FE, derive an
expressionfor the “temperature”of this system.We sawv thatthe ideal gashasan internal
temperaturef 3k7'/2 perparticle.How doestheenegy asafunctionof temperaturéor the
simpleharmonicoscillatorcompareo thatfor theidealgas?Doesit make sensdo calculate
the“temperature’of a one-particlesystemaNhy or why not?



Chapter 2

Canonical Ensemble and Equipartition

In Chapterl we studiedthe statisticalpropertiesof a large numberof particlesinteractingwithin
the microcanonicaknsemble- a closedsystemwith fixed numberof particles volume,andinter-
nalenepgy. While themicrocanonicaénsembleheoryis soundanduseful,thecanonicaensemble
(which fixesthe numberof particles,volume,andtemperaturevhile allowing the enegy to vary)
provesmorecornvenientthanthemicrocanonicafor numerouspplicationsFor example,consider
a solutionof macromoleculestoredin atesttube. We maywish to understandhe conformations
adoptedoby theindividual molecules.However eachmoleculeexchangesnengy with its erviron-
ment, as undoubtedlydoesthe entire systemof the solutionandits container If we focusour
attentionon a smallersubsysten(say one molecule)we adopta canonicaltreatmentin which
variationsin enegy andotherpropertiesare governedby the statisticsof an ensembleat a fixed
thermodynamicemperature.

2.1 The Canonical Distribution

2.1.1 A Derivation

Our studyof thecanonicakensembléegins by treatinga large heatreserwir thermallycoupledto
a smallersystemusingthe microcanonicabpproach.The enegy of the heatreserwir denotedF,
andthe enegy of thesmallersubsystemfF. The systemis assumedlosedandthetotal enegy is
fixed: E + E, = E, = constant

Thissystemsiillustratedin Fig. (2.1). For agivenenegy E of thesubsystenthereseroir can
obtainQ,.(E, — E) microstateswhere(?,. is the microcanonicapartitionfunction. Accordingto
our standardassumptiorthatthe probability of a stateis proportionalto the numberof microstates
available:

P~Q.(E)=QFE,—E). (2.1.2)
We take thelog of the microcanonicapartitionfunctionandexpandaboutlog €2, (E,):
log 2,
log P ~ log O, (E,) — 21% (E) + O(E?) . (2.1.2)
OE, |g _g,

15
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E

r

Figure2.1: A systemwith enegy E thermallycoupledto a large heatreserwir with enegy E.,.

For largereserwirs (F < E,) thehigherordertermsin Equation(2.1.2)vanishandwe have

E
log P ~ log (2, = constant- T (2.1.3)

wherewe have usedthe microcanonicadefinitionof thermodynamicemperaturd’. Thus
P~ e—ﬁE (2.1.4)

wheres = 1/kT hasbeendefinedpreviously. Equation2.1.4)is the centralresultin canonical
ensembleheory It tellsushow theprobabilityof agivenenegy of asystendepend®nits enegy.

2.1.2 Another Derivation

A secondapproachto the canonicaldistribution found in Feynmans lecturenoteson statistical
mechanicq1] is also basedon the centralidea from microcanonicalensembleheory that the
probability of a microstatds proportionalto 2. Thus

P(E)) Q(E,— Ey)

P(Ey) ~ B, — By) (2.15)

whereagainFE, is thetotal enegy of systemanda heatreserwir to which the systemis coupled.
TheenegiesE; and E, arepossibleenegiesof the systemand(2 is the microcanonicapartition
functionfor thereserwir. (Thesubscript- hasbeendropped.)

Next Feynmanmalkesus of the factthatenepy is definedonly up to an additive constant.In
otherwords,thereis no absoluteenepgy value,andwe canalwaysadda constantsaye, solong
aswe addthe samee to all relevant valuesof enegy. Without changingits physicalmeaning
Equation(2.1.5)canbe modified:

P(E,) Q(E,—E;+e¢)

P(Ey)  QE,—BEy+e) (2.1.6)

Next we definethefunctiong(z) = Q(FE, — E> + x). Equatingtheright handsidesof Egs.(2.1.5)
and(2.1.6)resultsin

(B, — E)UE, — By + €) = Q(E, — E)QE, — By +¢) (2.1.7)

or
9(Ez — Er)g(e) = g(0)g(e + Ez — En) . (2.1.8)



Chapter2 — CanonicaEEnsemble 17

Equation(2.1.8)is uniquelysolvedby:
g(e) = g(0)e ", (2.1.9)

whereg is someconstant Thereforethe probability of agivenenegy E is proportionalto e #/+T
whichis theresultfrom Section2.1.1. To take the analysisonestepfurtherwe cannormalizethe
probability:

Py = 2.1.10
(E) = o (2.1.10)

where
Q=) etV (2.1.11)

is the canonicalpartition function and Equation(2.1.10)definesthe canonicaldistribution func-
tion. [Feynmandoesnt go on to saywhy g = 1/kT; we will seewhy later] Summationin

Equation(2.1.11)is over all possiblemicrostates.Equation(2.1.11)is equation#1 on the first

pageof Feynmans noteson statisticalmechanicg1]. Feynmancalls Equation(2.1.10)the“sum-
mit of statisticalmechanicsandthe entire subjectis eitherthe slide-davn from this summit...or
theclimb-up? Theclimb took usalittle bit longerthanit takesFeynman,but we got herejustthe
same.

2.1.3 OneMoreDerivation

Sincethecanonicalistribution functionis thesummit,it maybeinstructiveto scalethepeakonce
morefrom a differentroute. In particularwe seeka derivationthatstandson its own anddoesnot
rely onthemicrocanonicatheoryintroducedearlier

Considera collectionof M identicalsystemswvhich arethermally coupledandthusshareen-
ergy at a constanttemperature.If we label the possiblestatesof the system: = 1,2,... and
denotethe enegy theseobtainablemicrostatesas E;, thenthe total numberis systemis equalto
thesummation,

Y ni=M, (2.1.12)

wherethen; arethe numberof systemswvhich correspondo microstate;. Thetotal enegy of the
ensembleanbe computedas

> mE; = MU (2.1.13)

whereU is theaverageinternalenegy of the systemsn theensemble.

Egs.(2.1.12)and(2.1.13){n; } representonstraint®nthewaysmicrostatesanbedistributed
amongsthe membersf the ensemble Analogousto our studyof microcanonicaktatistics here
we assumehatthe probability of obtaininga givenset{n;} of numbersof systemsn eachmi-
crostatds proportionalto the numberof waysthis setcanbe obtained.Imaginethe numbersy; to
represenbins countthe numberof systemsat a given state. Sincethe systemsareidentical,they
canbe shufled aboutthe bins aslong asthe numbersn; remainfixed. The numberof possible
waysto shufle the statesaboutthebinsis givenby:

W(in}) = — 0

TL1!TL2! e '

(2.1.14)
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Oneway to arrive at the canonicaldistribution is via maximizing the numberWW underthe
constraintsmposedoy Eqgs.(2.1.12)and(2.1.13).At themaximumvalue,

VW -6 =0, (2.1.15)

wherethegradientoperatolis V = 3%1 + 3%2 +...,andd is avectorwhich representsa direction
allowedby the constraints.

[The occasionaimathematiciarwill point out the hazardsof taking the dervative of a dis-
continuousfunction with respectto a discontinuousvariable. Easy-goingtypeswill be satisfied
with the explanationthatfor astronomicallylarge numbersof possiblestatesthe functionW and
the variables{n;} areeffectively continuous. Sticklersfor mathematicatigor will have to find
satishctionelsavhere.]

We canmaximizethe numberW by usingthe methodof Lagrangemultipliers. Again, it is
cornvenientto work with thelog of the numberi¥, which allows usto apply Stirling’s approxima-
tion.

log W = Mlog(M!) =) " n;log(n;!) . (2.1.16)

This equationis maximizedby setting

ViegW —aV ) n;i—BVY nE;=0, (2.1.17)

wherea and g arethe unknovn Lagrangemultipliers. The secondwo termsin this equationsare
thegradientsf the constrainfunctions.Evaluatingequation(2.1.17)resultsin:

—logn; —1—a—BE; =0 (2.1.18)

in which the entriesof the gradientsin Equation(2.1.17)are entirely uncoupled. Thus Equa-
tion (2.1.18)givesusastraightforward expressiorfor theoptimaln;:

n; = e (@tAE) (2.1.19)

wherethe unknowvn constantsy and 3 canbe obtainedby returningto the constraints.
The probability of a givenstatefollows from thefirst constraint(2.1.12)

e PEi
- D e PE

whichis by now familiar asthe canonicadistribution function. As you mightguessthe parameter
B will onceagainturn out to be 1/kT whenwe examinethe thermodynamic®f the canonical
ensemble.

[Note that the above derivation assumedhat the numbersof states{n;} assumeghe most
probabledistribution, e.g.,maximizesiV. For a morerigorousapproachwhich directly evaluates
the expectedvaluesof n; seeSection3.2 of Pathria[3].]

p; (2.1.20)
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2.2 More Thermodynamics

With the canonicaldistribution function definedaccordingto Equation(2.1.20),we cancalculate
theexpectedvalueof a propertyof a canonicakystem

f.oBE;
(f)= ZfTe (2.2.21)

where(f) is the expectedvalue of someobsenrable property f, and f; is the valueof f corre-
spondingto the i state.For example,theinternalenegy of a systemin the canonicalensemble
is definedasthe expected pr averageyalueof F:

The Helmholtzfree enegy A is definedas A = U — T'S, andincrementakchangesn A can
be relatedto changesn internalenegy, temperatureandentropy by dA = dU — Tds — SdT.
Substitutingour basicthermodynamicsiccountingfor theinternalenegy dU = TdS — PdV +
udN, resultsin:

%

dA = —SdT — PdV + pdN . (2.2.23)
Thus,theinternalenegy U = A + T'S canbeexpressea@s:
0A 0 (A 0(A/T)
U=A-T <—) =-T7 [— <—)] = [ ] . (2.2.24)
0T ) vy OT \T )|y~ [00/T) ]y

We can equateEqgs. (2.2.22)and (2.2.24) by setting = 1/kT. [So far we have still not
shawvn that £ is the sameconstantBoltzmanns constantithat we introducedin Chapterl; here
k is assumedo be someundeterminedconstant.] The Helmholtz free enegy canbe calculated
directly from the canonicabpartitionfunction:

A=—kTlogQ. (2.2.25)

How dowe equatethe constant: of this chapterto Boltzmanns constanbf the previouschap-
ter?We know thatthe probability of a givenstate; in the canonicalkensemblas givenby:

P, =ePEQ . (2.2.26)
Next we take the expectedvalueof thelog of this quantity:
(log ;) = —log Q — B(E;) = —logQ — U = B(A-U). (2.2.27)

[You might think thatin the studyof statisticalmechanicsye areterribly eagerto take loga-
rithms of every lastquantitythatwe derive, perhapswith no a priori justification. Of course the
justificationis soundn hindsight.Sowhenin doubtin statisticaimechanicstry takingalogarithm.
Maybesomethingusefulwill appear!]
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A usefulrelationshipfollows from Equation(2.2.27).SinceA — U = —T'S, S = —k(log P1).
Theexpectedvalueof (log P;) is straightforvardto evaluate:

S=-kY PlogP;. (2.2.28)

From this equation,we canmake a connectionto the microcanonicaensembleandthe £ from
Chapterl. In a microcanonicaensemblegachstateis equallylikely. ThereforeP, = Q~!, and
Equation(2.2.28)becomes

d
S:kZQ’llogQ:kZd—QlogQ:klogQ, (2.2.29)

which shouldlook familiar. Thusthe k£ of Chapter2 is identicalto the £ of Chapterl, Boltzmanns
constant.

2.3 Formalism for Classical Systems

As in the constructiorof the classicalmicrocanonicapartitionfunction,in definingthe canonical
partitionfunctionfor classicakystemsve make useof thecorrectionfactordescribedn Chapterl
which relateshevolumeof classicalphasespaceto a distinctnumberof microstatesAn elemen-
tary volume of classicalphasespaced®” qd*" p is assumedo correspondo @*¥ qd*¥Np/N!h3N
distinguishablemicrostatesThe partitionfunctionbecomes:

Q / e PEBN N (2.3.30)

1
~ N3N

andmeanvaluesof a physicalproperty f areexpressess:

_ [ flap)e e adp
(f) = fe—BH(q,p)dSqung

(2.3.31)

2.4 Equipartition

Thestudyof molecularsystemsften makesuseof the equipartitiontheoremwhich describeghe
correlationstructureof thevariablesof aHamiltoniansystemin thecanonicaknsembleRecalling
that the classicalHamiltonianof a systemH is a function of 6N independentnomentumand
positioncoordinatesWe denotehesecoordinatedy x; andseekio evaluatetheensembleverage:

o T (2) s

(x; 6%) i = e (2.4.32)

wherethe integrationis over all possiblevaluesof the 6 N = coordinates.The Hamiltonian H
dependson the internal coordinatesalthoughthe dependencés not explicitly statedin Equa-
tion (2.4.32).
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Usingintegrationby partsin the numeratotto carry out the integrationover the z; coordinate
produces:

o
o T (5[0 (5) o | v
<$z‘a—$j> = fe_/BHdGNX

wheretheintegrationover d®¥~'x indicatesintegrationover all z coordinatesxcludingz;. The
notationz; andz; indicategheextremevaluesaccessibléo thecoordinater;. Thusforamomen-
tum coordinatetheseextremevalueswould be +oc, while for a positioncoordinatethe extreme
valueswould comefrom the boundarief the container In eithercase the first term of the nu-
meratorin Equation(2.4.33)vanishedbecausdhe Hamiltonianis expectedto becomeinfinite at
the extremevaluesof the coordinates.

Equation(2.4.33)canbefurthersimplifiedby notingthatsincethecoordinatesreindependent,
Ox;/0x; = 0,j, whered,; is the usualKronecler deltafunction. [6;; = 1 for i = j; §;; = 0 for
i # j.] After simplificationwe areleft with

(2.4.33)

0OH
(x; 8:1:j> = kT0;j , (2.4.34)
which is the generalform of the equipartitiontheoremfor classicalsystems.It shouldbe noted
thatthis theoremis only valid whenall coordinate®f the systemcanbefreely andindependently
excited, which may not alwaysbe the casefor certainsystemsat low temperaturesSowe should
keepin mindthattheequipartitiontheoremis rigorouslytrueonly in thelimit of hightemperature.
Equipartitiontells usthatfor ary coordinate@%—’;’) = kT. Applying thistheoremo amomen-

tum coordinatep;, we find,

o) = (i) =T . (2.4.35)

(pi

[Remembethe basicformulationof Hamiltonianmechanics.Bimilarly,
(gips) = —kT . (2.4.36)

From Equation(2.4.35),we seethat the averagekinetic enegy associateavith the i** coor
dinateis (mv?/2) = kT /2. For athreedimensionalkystem the averagekinetic enegy of each
particleis specifiedby 3kT'/2. If the potentialenegy of the Hamiltonianis a quadraticfunction
of the coordinatesthen eachdegreeof freedomwill contritute ¥7°/2 enegy, on averageto the
internalenegy of the system.

2.5 Example Problem: Harmonic Oscillators and Blackbody
Radiation

A classicalproblemis statisticalmechanicss that of a blackbodyradiation. Whatis the equilib-
rium enegy spectrunmassociatedvith a cavity of agivenvolumeandtemperature?
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25.1 Classical Oscillator

The vibrationalmodesof a simple materialcanbe approximatedoy modelingthe materialasa
collectionof simpleharmonicoscillators with Hamiltonian(for the caseof classicaimechanics):

N 9
mw 1

H——E o2 + —p? 2.5.37

P [ g 4 2mpz] ’ (25.37)

whereeachof the identical NV oscillatorsvibrateswith one degreeof freedom. The naturalfre-
gueny of the oscillatorsis denotedby w,. The partitionfunctionfor sucha systemis expressed
as:

1 mw
Q:N'hN/eXp{ ,BZ{ "qf—i——pz}}qude, (2.5.38)
whichis productof N single-particlentegrals:
1t mw? P N
Usingtheidentity for Gaussiartistributions | e dy = /7, Equation(2.5.39)is reducedo
N
11/ 2¢ \'? f2rm)\ "
= m [z (mz) (F) (2:5.40)
or
or 1N
Q= [ﬁhw ] (2.5.41)

Remembethatthe factor1/N! correctsfor the factthatthe particlesin the systemareindis-
tinguishable. If the particlesin the systemaredistinguishablethenthe partition functionis given

by:

or 1V
Q= {Bhwo] : (2.5.42)

whichis the single-particlepartitionfunctionraisedto the N power.

2.5.2 Quantum Oscillator

Theone-dimensionabchibdingerwave equationfor a particlein a harmonicpotentialis:
1 2
————— 4+ —mw iz = E, (2.5.43)

wherethe constant is equalto h/27, w, is the angularfrequeny associatedvith the classical
oscillator and F is the enegy eigervalue of the Schibdingeroperator This equationshas, for
quantumnumbersn = 0, 1, 2,..., enegy valuesof E,, = hw,/2, 3hw,/2, bhw,/2,.... The
so-calledPlanckoscillatorexcludesthen = 0 eigervalue.[For acompleteanalysisandassociated
wave functions,seeary introductoryquantumphysicstext, suchasFrenchandTaylor [2].]
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Thusthe single-particlepartitionfunctionis givenby (for the Schibdingeroscillator):

Q= Z e~ Aln+1/2)hw, (2.5.44)
n=0
which canbe simplified
e~ Bhwo /2
Q= 1 o Phon - (2.5.45)

For N distinguishablescillatorsthe partitionfunctionbecomes

o—NBhw/2

_ NN _
Ry =0 = (L= e=phan)® ° (2.5.46)

Fromourthermodynami@nalysiswe calculateinternalenegy of the N-particlesystemas

(2.5.47)

0 huw, hw,
=1 =N

U=—p5l80 [ 2 +eﬂhwo—1]

The Planckanalysisof this system(excludingthe zero-pointenegy n = 0 eigervalue),resultsin

amean-engagy peroscillatorof:
U hiw,

(e) = N = o —1 (2.5.48)

2.5.3 Blackbody Radiation

Considera large box or cavity with lengthdimensionsL,, L,, and L,, in which radiationis re-
flected off the six internalwalls. [It is assumedhat radiationis absorbedand emitted by the
containey resultingin thermalequilibrium of the photons.] In this cavity, a given frequeny w
correspond$o wavenumbelk = w/c, wherec is thespeedf light andk is wavenumbemeasured
in units of inverselength. Wavenumbersbtainablen the rectangularcavity arespecifiedby the
Cartesiarcomponents, = 2wn,/L,, k, = 27n,/L,, andk, = 27n,/L,, wheren,, n,, andn,
areintegersandk = (k2 + kj + k2)'/2. Angularfrequeng, expressedn termsof theintegersn,,
ny, andn,, is:

wo = 27¢ [(na/L2)? + (ny/Ly)* + (n/L.)°]"% . (2.5.49)
Thetotalnumberof modescorrespondingo agivenfrequeng range asw, < w, canbecalculated
from theintegral (in the continuoudimit):

/ dng dn, dn, . (2.5.50)
Wo <w
Changingntegrationvariablesto A\, = n,/L,, Ay = n,/L,, A\, = n,/L,, yields

L,L,L, / g dX, d), . (2.5.51)
(AZ4+A2A2)1/2 <w/2me
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Evaluatingthisintegral givesthe numberof modeswith frequeng of lessthanw:

4 w \3
L.L,L, <§> ™ (%) (2.5.52)
andthenumberwith frequenciebetweenv andw + dw is
L,L,L,w? Vw?
i A — 2.5.
5723 dw or 57203 dw , (2.5.53)

whereV is the volume of the cavity. Multiplying by a factorof 2, for the two possibleopposite
polarizationsof a givenmode,we obtain:

Vw?
m2c3

dw (2.5.54)

for the numberof obtainablestatedor a photonof frequeng betweenv andw + dw. Multiplying
by the Planckexpressiorfor (¢) themeanenegy peroscillator we get

V hw3dw

dE, = )
w23 (efhw — 1)

(2.5.55)

theradiationenegy (sumtotal of enegy of the photons)n thefrequeng range.

2.6 Example Application: Poisson-Boltzmann Theory

As anexampleapplicationof canonicaensembléheoryto biomoleculasystemsye next consider
the distribution of ions arounda solvatedchaged macromolecule.lf the electricfield E canbe
expresseasthegradientof a potentialE = —V®, the Gauss’Law canbeexpressed

V- e(r)Ve(r) = —p(r), (2.6.56)

wheree(r) is the position-dependergermittivity, andp(r) is thechage density This electiostatic
approximationis valid if the lengthscaleof the systemis muchsmallerthanthe wavelengthsof
theelectromagneticadiation.

We cansplit the chage densityp(r) into two contrikutions:

p(r) = pm(r) + ps(r) , (2.6.57)

wherep,,(r) is the chage densityassociateavith theionizedresiduesonthe macromoleculeand
ps(r) is the chage densityof the saltions surroundingthe molecule. For a mono-monealent
saltthe mobile ions, distributedaccordingto Boltzmannstatistics(thermalequilibrium canonical
distribution), have a mean-fieldconcentratiorof

ps(r) = —geN4C,(e2?/FT — e710/KT) | (2.6.58)

whereC; is the bulk concentratiorof the salt,and N, is Avogadros number and g, is the ele-
mentarychage. This distribution assumeghat ions interactwith one anotheronly throughthe
electrostatidield, andthusis strictly valid only in thelimit of dilute solutions.
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The two termson the right-handside of Equation(2.6.58) correspondo concentration®f
positive andnegative valenceions. Substitutionof Equation(2.6.58)into Gauss’Law leadsto the
Poisson-Boltzmanequation:

V- e(r)VO(r) — 2¢.N4Cssinh(qep/kT) = —pp(x) (2.6.59)

a nonlinearpartial differentialequationfor electrostatigpotentialsurroundinga macromolecule.
Oncetheelectrostatigotentialis calculatedtheion concentratiorfield is straightforvardprovided
by Equation(2.6.58).

2.7 Brief Introduction tothe Grand Canonical Ensemble

Grand canonicalensembletheory is the statisticaltreatmentof a systemwhich exchangesot
only enegy, but also particles,with its ervironmentin thermalequilibrium. Derivation of the
basicprobability distribution for the grandcanonicalistributionis similar to thatof the canonical
ensemblegxceptthatboth £ and N aretreatedas statistically-\arying quantities. The resulting
probability distribution is of the form:

p = O 2.7.60
Ve V,T)’ (2.7.60)
whereeachstateis specifiedoy numberof particlesV;, andenegy E;.
Thegrandpartitionfunctionis definedby summatioroverall ; and; states:
O(u, V,T) Z Z eMBNi=BE; (2.7.61)

which s oftenwrittenin aform like:

O(z,V,T) ZzMZe Ej (2.7.62)

wherez = e#/*T is calledthe fugacity (the tendeng to be unstableor fly away, from the Latin
fugere meaningto fleeaccordingo the Oxford EnglishDictionary[5]).



Chapter2 — CanonicaEEnsemble 26

Problems

1. (Derivationof canonicakensembleBShav thatEquation(2.1.8)is uniquelysolved by Equa-
tion (2.1.9).

2. (Simpleharmonicoscillatorsandblackbodyradiation)Comparehe classicabscillatorwith
the SchibdingerandPlanckoscillators.(a) Whatis the enegy peroscillatorin thecanonical
ensembléor the classicalcase?Which oscillators(if arny) obey equipartition? For those
thatdo not, is therea limiting casein which equipartitionis valid? [Hints: plot U/N asa
functionof temperaturePerhapdaylorexpansion®f theseaxpressionsvill behelpful.] (b)
From Equation(2.5.55)obtaina nondimensionaéxpressionfor enegy per unit frequeng
spectrum,and plot the nondimensionaknepy distribution of blackbodyradiationversus
nondimensionafrequeny Shw. At whatfrequeng doesthe spectralenegy distribution
obtainamaximum?

3. (Electrical doublelayer) Considera one-dimensionamodel of a metal electrode/solution
electrolyteinterface. The potentialin the solutionis governedby the Poisson-Boltzmann
equation:

d’¢ _ 2g7NaC

dz?2 €kT
(a) Show thatthe above equationis the Poisson-Boltzmanequationin termsof the dimen-
sionlespotentialy = ¢.®/kT. Shaw thatthis equationcanbelinearizedas

a*¢
dx?

(b) Evaluatethe Debyelength(1/x) for the caseof 0.1 M and0.0001M solutionof NaCl.
(c) Usingthe boundarycondition

do|  _  qo

dx |, , kT

(whereo is the chage densityon the surfaceof the electrode)find ¢(z). Plotthe concen-
trationsof NaandCl asfunctionsof x (assumea positively-chagedelectrode).

sinh ¢ .

= K20 .

4. (Donnarequilibrium)Consideragelwhichcarriesacertainconcentratior’; (r) of immobile
chagesandisimmersedn anaqueousolution. Thebulk solutioncarriesmono-monealent
mobileionsof concentratiorC, (r) andC'_(r). Away from the gel, the concentratiorof the
saltionsachievesthebulk concentrationgdenoted”,. Whatis thedifferencean electricalpo-
tentialbetweerthebulk solutionandtheinterior of thegel?[Hint: assumehatinsidethegel,
theoverall concentratiorof negative saltion balancesmmobile gel chage concentration.]
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Brownian Motion, Fokker-Planck
Equations, and the Fluctuation-Dissipation
Theorem

Armedwith our understandingf the basicprinciplesof microscopicthermodynamicsye arefi-
nally readyto examinethe motionsof microscopicparticles. In particular we will studythese
motionsfrom the perspectre of stochasticequationsjn which randomprocesseare usedto ap-
proximatethermalinteractiondbetweerthe particlesandtheir ervironment.

3.1 One-Dimensional Langevin Equation and Fluctuation-
Dissipation Theorem

Considerthefollowing Langevin equationfor the one-dimensionanotionof a particle:

mo(t) + u(t) = f5(t) + [ (t) (3.1.1)

wherem is themassof the particle £ is the coeficient of friction, f, is thesystemati¢determinis-

tic) forceactingon the particle,and f, is arandomprocesaisedto inducethermalfluctuationsin

the enegy of the particle. Equation(3.1.1)canbe thoughtof asNewton’s secondaw with three

forcesactingonthe particle: viscousdamping randomthermalnoise anda systematidorce.
Equation(3.1.1)canbefactored

me—ft/m% [e*€/my] = f, + f, (3.1.2)
andhasthe generakolution:
t
v(t) = e~8Hm |:U(O)+l/ ete/m (f.(s) + fr(s)) ds]| . (3.1.3)
m.Jo

Usingangledbraclets(-) to denoteaveragingovertrajectoriesye cancalculatethe covariance

27



Chapter3 — ThermalMotions 28

in particlevelocity:

(w(t)v(ty)) = e fttt)/m [v*(0)+
@ A | e+681/m<fs(51) + fr(sl»ds +

m

@/tz +§sz/m<f (52)+fr(82)>d8+
m2 /t2/ Sortsn)/m(f (s1) fr(s2))ds1 dsa | (3.1.4)

assuminghatthe deterministicforceshave zeroaveragesEquation(3.1.4)canbefurther simpli-
fied:

(Wt )o(t)) = v2(0)e-CCrtnym 4, € LT / / M (51) f, (52) s d

(3.1.5)
And if we assumeéhatthe randomforceis a white noiseprocessthenits correlationcanbe de-
scribedby:

(fr(s1) fr(52)) = Ad(51 — 52) - (3.1.6)

IntegratingEquation(3.1.5)over s; we obtain:

6_§(t1+t2)/m ta
(v(ty)v(ty)) = v2(0)e Ehrtt2)/m o — / Aet2es2/my (it — s5) ds, (3.1.7)
0
whereu(t) is the stepfunctiondefinedby
1 t>0
u(t)=X 1/2 t=0 (3.1.8)
0 t<0.
Finally, integrationof Equation(3.1.7)yields:
(v(t1)v(ty)) = v?(0)estrtt)/m o [e_ﬂtl_h'/m - e_g(“”z)/m] : (3.1.9)

2Em

To obtainthemeankineticenegy, wetaket, = t, = t:

2 _ a2 —2¢t/m | ‘1 14 —2t/m
(W*(t)) = v*(0)e + omE 1—e |, (3.1.10)
which approaches
A
2 [ —

(v(1)) = ome (3.1.11)

atequilibrium. Fromequipartitionwe have (v?) = kT'/m. So
<fr(31)fr(82)> = 2§kT5(51 - 32) ) (3.1.12)

which is a statemenbf the fluctuation-dissipatiortheorem. To obtainthermalequilibrium, the
strengthof the random(thermal) noise must proportionalto the frictional dampingconstant,as
prescribedy Equation(3.1.12).
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3.2 Fokker-Planck Equation

Imagineintegratinga stochastidifferentialequationsuchasEquation(3.1.1)a numberof times
so that the noisy trajectoriesconverge into a probability density of states. Consideringan N-
dimensionalproblemwith the vectorZ(t) representindhe statespace we denotethe probability
distributionasW (Z(¢), t) andintroduceP(Z(t + 1), t + 7|’ (t), t) asthe probability of transition
from stater’(¢) attimet to Z(¢t + 7) attime ¢ + 7.

Fromthetransitionprobabilityit follows:

W(E(t+7),t+7) = /P(f(t )t T|Z (L), ) W (L), t) di . (3.2.13)

Expandingthetransitionprobabilityasa power serieswe obtain

WEt+7),t+7) = / P(&(t),t ++Z (i (t+7) = 2, (1)) ..

L

P, 7 (1), 1) | W(Z(t), 1) di
(3.2.14)

(3, (t+7) = 24, (1))

wherethe corventionof summatiorovertheindicesiy, is, . . . 7, is implied. Noting that

P(Z(t),t|2'(t), t) = 6(Z(t) — '(t)) = 6(x1 (1) — 21 (1)) ... 0((xn (2) — 2y (1)),  (3.2.15)

we obtain

W(EE+7),t+7) = W(a‘:’(t),t)+/ (i, (4 7) — 3, (1)
(1 (6 7) = 2, () 53 (0) — 0| W30, 1)
’ (3.2.16)
or
> 1
Wt +7) t47) = W(g‘c‘(t),t)+/ S el (¢ ) — %, (1)
(@] (¢4 7) = 24, (1)) 5 o — 5(5@)—@"(75))] W(E(t), ) i
1 ' (3.2.17)

By successiely integratingby parts,we canmove the derivativesoff of thedeltafunctions:

o —1)" o

2 ( n!) oz ...0x;

(@) (t+7) — 2 (1)) ... (2L (t+7) — 2t ()] W(E(t),2) d’ .
(3.2.18)

W+ 7).t +7) = WED,1) + / S(E() — 7(1))
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Equation(3.2.18)integratesto
W(E(t+71),t+71)=WI(Z(),t) +

Z =L Oz, an Ox; (@, (t+7) — i, (2)) - - - (@3, (£ 4+ 7) — 23, () W(Z(2), 2)]

n!

(3.2.19)

orinthelimit - — 0,

sV @D = > Bz;, ... 01,

1

T[Lm ( (@i, (t+7) — @i, ()] - - [, (E+7) = xin(t)]> W(i:’(t),t)] :

(3.2.20)
Definingthe Kramers-Mqal coeficients[4] as
m 11
D, = —lim ( =[z (0 +7) — 2, ()] [, E+7) — 20, (8)] ) (3.2.21)
e ntT—o0\ 71
We obtainthe Fokker-Planckequationfor W (Z, t):
9 - o" (n) S
= -1'——— |D,;" . i 2.22
5" ED = o ECOR] (32.22)

In the following sectionwe evaluatethe Kramers-Myal expansioncoeficientsfor a nonlinear
N-dimensionaktochastidifferentialequation.
3.3 Brownian Motion of Several Particles
ConsidethegenerahonlinearLangesin equatiorfor severalvariablesy(t) = xi1(¢), x2(t) - .. xn(?):
Xi = hi(X(£),1) + 955 (X(2), 1) T (%) (3.3.23)
wherel;(t) areuncorrelatedvhite noiseprocessedistributedaccordingo:
(Ti(@)) =0, (Ta(t)L(t2)) = 26450 (81 — t2) - (3.3.24)

In Equation(3.3.23)we usethe Einsteinconventionof summatiorover repeatedndices.Thusthe
matrix g;; describeshe covariancestructureof therandomforcesactingon ().
Equation(3.3.23)haghe generakolution:

xilt +7) = xlt) = / T ), ) + g5 (R0, ) T5(0)) e (3.3.25)
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We canexpandthis integral by expandingthe functionsh; andg;;

Mﬂﬂﬁ==MﬂﬁﬁHm@—m@k£ﬁf@iH
9;(X(), 1) = g5(X(®), ") + [xu(t) — xx(t)] - aixkgij(f(t)a ) +... (3.3.26)

andinsertingtheseexpansionsnto Equation(3.3.25):

Xi(t+7) = Xz(t) CT (R ) dt [T () = xk(8)] - 52 ha(R(0), ) dt! +
+ [T g5 (X, )T dt + [ D) — x(8)] - o 9ii (X(8), )05 () dt’ +
 (33.27)

We can expandthe [xx(t') — xx(t)] termsin the above equationand recursvely using Equa-
tion (3.3.27):
wawwmﬁ:WMPOfﬁwF”mw xa()] - g e (Y1), 1) dt +
+ [ g (R OTE) dt + [ Dalt) — xlt)] - g gm (R ) () dt’ +
(3.3.28)

To compute(x;(t + 7) — x;(t)) in the limit 7 — 0, we insert Equation(3.3.28)into Equa-
tion (3.3.27),averageover trajectoriesandretaintermsof first order:

O (tH7) =X (0) = / / [ax 05 (% )] g (K1), )28 35 (£ —t") dt" dt'+- .

(3.3.29)
wheretermsof orderr? arenot shavn. To evaluatethe integralin Equation(3.3.29),we usethe
identity:

/ gr(X(t),t)26;,6(t — ¢") dt" = grj(X(2), 1), (3.3.30)

andwe get:
0

1) g9 (X0, 1) (3.3.31)

for thedrift coeficients.
Evaluating([x;(t + 7) — xi(t)] - [x;(t + 7) — x;(%)]), theonly termthatsurvivesaveragingand
thelimit 7 — 0 is

Dt +7) — )] - et +7) — xu(B)]) =
/ / 03 (R(), ¥) g (1), 1) 2630 (¢ — ") di" dt’ = 2rg3; (R(1), 1) g (R (1), 1)
(3.3.32)

and
DY = gi(R(t), 1) gin(X(1), 1) . (3.3.33)
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All higherordercoeficientsarezero:

Dy, = %ygg)dxil(t +7) = xi, ()] . [xi, E+7) = xi, )]) =0, n>3. (3.3.34)
TheFokker-Planckequationcorrespondindgo Equation(3.3.23)is:
ow (% 0 o
W - = [— (hi(f(t),t) + gkj(f(t),t)a—%gij(f(t),t)> W(g—g(t),t)]
g (0. 0450, OW 2(0).0)] (33.35

3.4 Fluctuation-Dissipation and Brownian Dynamics

To examine how the fluctuation-dissipatiortheoremarisesfor the generalnonlinearLangesin
equationwe first examinethe simpleone-dimensiongbroblemdescribedy:

x = h(x,t) + g(x,)L'(t)
(L)L (t2)) = 20(t1 — t2) - (3.4.36)

If thesystematid¢ermis proportionato thegradientof apotential,h = —DSV U, thentheFokker-
Planckequationis expresseas:

oW (x,t) 0 0? .,
= s [DB(VU)W] + 52 W] . (3.4.37)
If we furtherassumethatV ~ e=#Y atequilibrium,then
d dU d?
|- 2V NBU | 2 1,2,-8U
o [ Dj( o )e ] e [g?e7 Y] . (3.4.38)

It is straightforwardto show thatthis conditionis satisfiedif ¢ = D'/2?, which s the fluctuation-
dissipationtheoremfor this one-dimensionaBrownianmotion.
This relationshipgeneralizesor thefollowing N-dimensionakase:

Xi = BDijfi + 94515(t) (3.4.39)
d
fi= d—MU(X’(t),t), (3.4.41)
to
9ikGik = Dij . (3.4.42)

In theabove equations{J ((t), t) is the potentialenegy function,andD;; is thefrictional interac-
tion matrix which determineghe hydrodynamiadnteractionsbetweerthe particlesin the system.
Thusthe covariancestructureof the randomforcing is proportionalto the hydrodynamicinter-
action matrix. Given a diffusional matrix D;;, generationof the randomforce vector requires
the calculationof g;;, the factorizationof D;;. In fact, for Brownian dynamicssimulations,this
factorizatiorrepresentthe computationabottleneckthatdemandshe majority of CPUresources.
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Problems
1. (BrownianMotion) Considerthe coupledLangerin equations:
MZ+ Z% = -VU + HL(t),

whereM is adiagonalmatrix of particlemassesZ is thenon-diagonafrictional interaction
matrix, andthenoiseterm I is correlatedaccordingto:

<F(t1)FT(t2)> - 2[5(t1 - t2),
wherel is theidentity matrix. Thefluctuation-dissipatiotheorentells usthat:
HY'H =kTZ.

(a) BrownianMotion If we ignoreinertiain theabove systemwe get

) 1 .
r=——D r
7 T VU + GI'(t)
whereD = kT Z ! is the diffusion matrix. Shov thatGTG = D. Givena diffusion
matrix D, how would you calculatets factorG?

(b) BrownianDynamicsAlgorithm Under what circumstanceslo you think the inertial
systemwill reduceto the over-dampednon-inertial)system?Assumingthatthe ran-
dom andsystematidorcesremainconstaniover a time stepof length At, find an ex-
pressionfor #(t + At) in termsof @(¢). [Hint: The equationscan be decoupledby
consideringthe eigendecompositiorof A = M~'Z. Proceedby finding a matrix-
vectorequialentto Equation(3.1.3).] Shav thatundera certainhighly-dampedimit,
this expressiorreducedo the Brownianequation

D ,
i(t) = T [systematidorce + randomforce .

2. (NumericalMethods)Devise a numericalpropagatiorschemdor the Brownianequation.
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